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1 Hilbert space and orthonormal bases

1.1 Norms, inner products and Schwarz inequality

Definition. A norm on a real or complex vector space, V is a real
valued function, || - || on V such that
1. a. [jz|| > 0 for all z in V.
b. ||z]| = 0 only if z = O.

2. ||ax|| = |a|||z] for all scalars a and all z in V.

3. =+ yll < llll + [lyll-

Note that the converse of 1.b follows from 2. because ||O| = ||00| =
0O = 0.

Examples

11V =R, ||z|| = |2.
12V =C, ||z]| = |z].

1.3V = R" with [|z| = />°7 27 when 2 = (21,...,2,).

1.4V = C" with ||z|| = /D] |2|> when & = (21, ..., z,).
1.5V = C([0,1]). These are the continuous, complex valued functions on
[0, 1].

Here are two norms on V.

1l = / o (11)

[flloe = sup{[f(#)] : t € [0, 1]} (1.2)
HS5.2
Exercise 1.1 Prove that the expression in (II.2] is a norm.

Here is an infinite family of other norms on R". Let 1 < p < oo. Define

n

ey = (3 1y ) (1.3

Jj=1

FACT: These are all norms. And here is yet one more. Define

e

H5.1

H5.2

H5.3

H5.4



Exercise 1.2 Prove that ||z]|; and ||z]|« are norms. (Sadly, the proof that
||lz]|, is a norm is not that easy. So don’t even try. We'll prove the p = 2
case later.)

The unit ball of a norm || - || on a vector space V' is

B={zxeV |z| <1} (1.5)

A picture of the unit ball of a norm gives some geometric insight into the
nature of the norm. Its especially illuminating to compare norms by gompar-
i gﬁheir unit balls. Lets consider the family of norms defined in (h_BT and
(ETT on R?. The boundary of each unit ball is the curve ||z|| = 1 and clearly
goes through the points (1,0) and (0,1). Its not hard to compute that the
unit ball of || - ||o is a square with sides parallel to the coordinate axes. The
unit ball of || - ||5 is a disk contained in this square, and unit ball of || - ||; is
a diamond shape thing contained in this disk. Less obvious, but reasonable,
is the fact that the other unit balls lie inside the square and contain the
diamond. Draw pictures.

Definition An inner product on a real or complex vector space V'
is a function on V' x V to the scalars such that
1. (xz,x) >0 for all z € V and (z,z) = 0 only if z = 0.
2. (ax + by, z) = a(x, z) + b(y, z) for all scalars a,b and all vectors z,y.

3. (z,y) = (y, 2).

Examples

1.6 V = R" with (z,y) = 22:1 Ty,

1.7V =C" with (z,y) = > z,;7;

1.8 V = ([0, 1]) with (f.g) = [, f(t)g(t)dt. [It would be good for you
to verify yourself that this really is an inner product.]

1.9 V = [?, which is the standard notation for the set of sequences x =
(a1, az,...) such that Y p- | |ax|* < co. Define

(I’, y) = Z aka
k=1
when y = (by,by,...). The series entering into this definition converges

absolutely because of the identity |ab| < (|a|?> + [b]?)/2. [It would be very
good for you to verify that this really defines an inner product on /2]



Theorem 1.1 ( The Schwarz inequality.) In any inner product space

(2, 9)| < (2, 2)2(y, )" (1.6)

Proof: If x or y is zero then both sides are 0. So we can assume x # 0
and y # 0. In case the inner product space is complex choose a € C such
that |a| = 1 and «(z,y) is real. If the inner product space is real just take
a = 1. In either case let p(t) = ||ax + ty||? for all ¢ € R. Then

0 <p(t) = (ax +ty,ax + ty) = H:);H2 + 152Hy||2 + 2t(azx,y)

because (ax,y) + (y,ax) = 2Re(ax,y) = 2(ax,y). So, by the quadratic
formula, the discriminant, b —4ac < 0. That is , 4(az,y)* —4]|z||*||y||* < 0.
Thus|a(z, y)|*> < ||z|*ly]|*>. Now use |a| = 1. QED.

We are going to show next that in an inner product space one can always
produce a norm from the inner product by means of the definition

loll = V/(z,). (L.7)

H3
Corollary 1.2 Define || - || by (h_7) Then

2+ yll < =[] + llyll-

H2
Proof: Using (h_B) we find

Iz +ylI* = (z +y, 2 +y) = l|2lI* + ly]* + 2Re(z, y)
< ll2l* + 2l vl + lyl* = (Il + lyl)*.

QED.
Corollary 1.3 || - || is a norm.

Proof: Using the previous corollary its easy to verify the three properties in
the definition of a norm. QED



1.2 Bessel’s inequality and orthonormal bases

Definition An orthonormal sequence in an inner product space is a set
{e1,eq,...} (which we allow to be finite or infinite) such that

(ej,ex) =0 if j#kand=1ifj =k

Lemma 1.4 (Bessel’s inequality) Let eq,es, ... be an orthonormal set
in a (real or complex) inner product space V.. Then for any x € V

o
21> > |(z,e5)
j=1

Proof: Let ay = (x,e). Then, for any integer n,

n n
0<(x— Zakek,$ — Zakek)
k=1 k=1

n

= ||2[* = > _lan(er, ) + (z,ex)ar] + D a;an(e;, ex)

k=1 ik
n n n
= J)* = ol =) lal + ) laxl?
k=1 k=1 k=1
n
= Jlz)* =) Jaf
k=1

So > r_, lag* < ||z||* for all n. Now take the limit as n — co. QED
Definition In a vector space with a given norm we define

lm z, ==z
n—oo

to mean
lim ||z, — x| =0.

n—oo

We're all familiar with the concept of an orthonormal basis in finite di-

mensions: e, ...,e, is an orthonormal basis of a finite dimensional inner
product space V if
(a) the set {ey,...,e,} is orthonormal and



(b) every vector x € V' is a sum :x = 7 a;e;.

If V' is infinite dimensional then we should expect that the concept of
orthonormal basis should, similarly, be given by the requirement (a) (as
before) and (b) every vector z € V' is a sum

o0

r = Zajej. (1.8)

J=1

And this is right. Of course writing an infinite sum means, as usual, a limit
of finite sums: lim, . ||z — >=7_, aje;|| = 0. [There is an unfortunate and
downright annoying asp%g; to the equation (h_8), however. We see from
Bessel’s inequality that (I.8) implies that .- | |ax|* < oc.

Suppose that we are given the orthonormal sequence {ej,es,...} and a
sequence of (real or complex) numbers a; such that > 7, ag|* < co. Does
the series Y .- | agey, converge to some vector in V7 If not can we really say
then that we have “coordinatized” V if we don’t even know which coordinate
sgguences {ay,az, ...} actually correspond to vectors in V' (by the formula
(h_S))? Here is an example of how easily convergence of the series Y - aje;
can fail, even when 77 Jai|* < oc.

Let I be the subspace of [? consisting of finitely nonzero sequences. Thus
x € Fife=(ay,...,a,,0,0,0,...). Fis clearly a vector space and the inner
product on I? restricts to an inner product on F'. Let e; = (1,0,0,0,...), ey =
(0,1,0,0,0,...), etc. The sequence {eq, e, ... } is orthonormal. Let a; = 277,
Then » 7, |a;|* < co. Now the sequence of partial sums, z, = Y77 a;e;
converges to the vector z = Y " aje; in [? (you verify this). But z is not
in F'. So there is no vector in F' whose coodinates are the nice sequence
{277}, Of course we caused this trouble by making “holes” in [?. These
circumstances are analogous to the “holes” in the set @) of rational numbers.
For example the sequence s, = > _;_, 1/k! is a sequence of rational numbers
whose limit is e. But e is not rational. So there is a hole in () at e. Question:
Can you immagine how intolerably complicated calculus would be if we had
to worry about these holes in Q7 (E.g. f'(z) = 0 gives the maximum of F’
on @ provided z is rational!) The same nuisance would arise if we allowed
holes when dealing with ON bases. We are going to eliminate holes!

Definition. A sequence 1, x5, ... in a normed vector space is a Cauchy
sequence if

lim ||z, — 2| =0.

n,m—00



That is, for any € > 0 there is an integer N such that ||z, —x,,|| < € whenever
n and m > N.

Remark. If x, converges to a vector z in any normed space th n ghaei3
sequence is a Cauchy sequence. Proof: Same as proof of Proposition B.B n
the Appendix. Just replace |- | by || - |.

Definition. A normed vector space is complete if every Cauchy sequence
in V has a limit in V. A Banach space is a normed vector space which is
complete.

Examples. The spaces V' in Examples 1.1 to 1.4 are complete.

[You're supposed to know this from first year calculus.]

In Example 1.5 the space C([0, 1]) is complete in the norm || f||o. but not
in the norm || f|;. [See if you can prove both of these statements.]

Definition. A Hz’lbeﬁ&;pace is an inner product space which is complete
in the associated norm (I.7).

Examples. The Examples 1.6, 1.7, 1.9 are Hilbert spaces. But Example
(1.8) is not complete. The proof that Example 1.9 is complete will be given
only on popular demand. It is extremely unfortunate that the Example 1.8
is not complete. In order to get a complete space one must throw in with
the continuous functions all the functions whose square is integrable. This is
such an important example that it gets its own notation.

Notation.

1
L?*(0,1) is the set of functions f : (0,1) — C such that / |f(t)2dt < o0
0

For these functions we define

(f.9) = / F(Ogdt

This is an inner product on L?(0, 1) (easy to verify) and the associated norm
Is

1l = / F()dt

Of course if we wish to consider square integrable functions on some other
set, such as R we would denote it by L*(R).

Just as the real numbers fill in the “holes” in the rational numbers so
also one may view L?(0,1) as filling in the “holes” in C([0,1]). Here is the
definition that makes this notion precise.

8



Definition. A subset A of a Hilbert space H is called dense if for any
x € H and any € > 0 there is a vector y in A such that ||z —y|| < e. In
words: you can get arbitrarily close to any vector in H with vectors in A. As
we know, the rational numbers are dense in the real numbers. For example
the rational number 3.141592650000000 is pretty close to 7. Similarly, if you
cut off the decimal expansion of a real number at the twentieth digit after
the decimal point then you have a rational number which is very close to the
given real number.

GOOD NEWS: C([0, 1]) is dense in L?(0,1). You may use this fact when-
ever you find it convenient. Its often best to prove some formula for an easy
to handle dense set first, and then show that it automatically extends to the
whole Hilbert space. We’ll see this later in the context of Fourier transforms.

Here is the first important consequence of completeness.

Lemma 1.5 Suppose that H is a Hilbert space and that {ey,es,...} is any
ON sequence. Let ¢ be any sequence of scalars such that Y oo |cg|* < oo.

Then the series
[o@)
E CLCL
k=1

converges to some unique vector x in H.

Proof: Let s, = ZZ:1 crex. We must show that the sequence con-
verges to a vector in H. Since we don’t know in advance that there is a
limit, =, to which the sequence converges we will show instead that the se-
quence is a Cauchy sequence. Suppose that n > m. Then ||s, — s,,||* =
| > rmi kel = > pmiilcel* — 0 as m,n — oo because the series

1 |ck|? converges. Now, because H is assumed to be complete, we know
that there exists a vector x in H such that lim,,_., s, = z. Since limits are
unique, z is unique. (You prove this on the way to your next class.) Of

course we will write
o

x = chek, (1.9)

k=1
keeping in mind that this means that x is the limit of the finite sums. QED.

Lemma 1.6 In any inner product space the function x — (x,y) is continu-
ous for each fized element y.



Proof. If z,, — x then |(z,,y) — (z,y)| = [(x, — z,y)| < ||z, — z||||y|]| — O.
QED

Of course (z,y) is also a continuous function of y for each fixed . One
can either repeat the preceding proof or just use (y,z) = (z,y).

10



Theorem 1.7 Let ey, es,... be an orthonormal sequence in a (real or com-
plex) Hilbert space H. Then the following are equivalent.
a. ey, es, ... is a maximal ON set. That is, it is not properly contained
in any other ON set.
b. For every vector x € H we have

o0

T = g Rk where ay, = (z, ey)
k=1

c. For every pair of vectors x and y in H we have

[e.9]

(x,y) =Y _axby where ay = (z,ex) and by = (y, ex)
k=1

d. For every vector x in H we have

o0

Izl = laxf?

k=1

Proof: We will show that a. = b. =— ¢. = d. = a.
Assyme that a. holds. Let 2 € H. By Bessel we have 317 lak]? < oo. By
eml. o . . n

Lemmall'5;y = ) " arey exists. But (z—y, e;) = a;—lim, (D _;_; axer, €;) =
aj —a; =0 for all j. If v # y then let h = (v — y)/||z — y||. One can now
adjoin h to the original set and obtain a larger ON set. So we must have
x —y = 0. This proves that b. holds.

Assume now that b. holds. Then

n

(z,y) = lim (Z aje;,y) = lim lim (Z ajej,Zbkek)
=1 k=1

n—oo n—oo m—0o0

Jj=1 Jj=
= lim lim Z ajb_j = Z ajb_j.
So c. holds.
Next, assume that c. holds. Put y = x to derive that d. holds.
Finally, assume that d. holds. If ey, e, ... is not a maximal ON set

then there exists a vector # # 0 such that (z,ex) = 0 for all k. So the
“coordinates”, ay = (x,e;) are all zero. But from d. we see that ||z]|*> =
> ore i lag|* = 0. So 2 = 0. Contradiction. QED.

11



Now we're ready for the definition of ON basis.

Definition. An ON sequence {ey, . 5} in a Hilbert space H is an ON
basis of H if condition b. in Theorem [I.7 holds. o 5
Of course we could have used any of the other conditions in Theorem .7

for the definition of ON basis because they’re equivalent. So why did I use
condition b. for the definition? Because surveys of your predecessors show

that it’s the most popular.

12



1.3 Problems on Hilbert space

1. Let fi, fo, ..., fo be an orthonormal set in L?(0,1). Assume that
1
(A) / 6z f1(z)dr = 2 and
0

(B) /1 62 fo(x)dr = 2v/2

0
What can you say about the value of

/1 6x f5(x)dx?
0

Give reasons.

2. Let

and

Suppose that f and g are in L?([—1,1]) and ||f — g|| < 5. Let a; =

1 1 2

/ uj(x)f(z)dx, j = 1,2 and b; = / uj(x)g(z)dr. Show that Z|aj —
-1 -1 =

bj|2 < 25. Cite any theorem you use.

3. Suppose that f:[—1,1] — R satisfies

/ (@) Pz =21
1
and

/ 11 f(x)dz = 6.

What can you say about the size of f_ll xf(x)dx?
4. Suppose that uq, us are O.N. vectors in an inner product space H. Let
f € H and assume that
1£I7 = laa|* + lazf?

where a; = (f,u;) for j = 1,2. Show that f = aju; + asus.

13



5. The Hermite polynomials are the sequence of polynomials H,(z)
uniquely determined by the properties:

a) H,(x) is a real polynomial of degree n, n = 0,1,2,... with positive
leading coefficient.
b) The functions
Up(z) = Hn(x)e_$2/4
form an O.N. sequence in L*(R).

Fact that you may use: If f is in L?(R) and / f(@)uy(z)de = 0 for
n=0,1,2,... then f = 0. -

Let ¢, :/ ey, (z)dx.
Evaluate Z .
n=0

6. Let {f1, fo,...} be an O.N. set in a Hilbert space H. Prove that it is
an O.N. basis if and only if the finite linear combinations

Z a;f; (n finite but arbitrary)

Jj=1
are dense in H.

7. Let {f1, fa,...} be an O.N. set in a Hilbert space H. Prove that it is an
O.N. basis if and only if Parseval’s equality

lgll* = > 105 9)I°
j=1

holds for a dense set of g in H.

8. Suppose that {fi, fo,...} is an O.N. basis of a Hilbert space H and
that {g1, 92, ...} is an O.N. sequence in H. Suppose further that

> gy = fillP < 1.
j=1

Prove that {g1,g2,...} igalso.an O.N. basis.
Hint: Use Theorem 1.7 by supposing that there exists h # 0 such that
(h,g;) =0 for all j.

14



2 Second order linear ordinary differential equa-

tions

2.1 Introduction

Consider the differential equation

o' (2) — u() = f(z) (2.1)

on the interval 0 < x < 1. Here f is a given function on this interval.
As you know, the solution to a second order ordinary differential equation
requires specification of some additional information in order for the ODE
to pick out a solution uniquely. For example CEﬂel might specify u(0) = 3 and
uw'(0) = 5 to pick out a unique solution to (2.1). This is the initial value
problem: both pieces of information are specified at the same endpoint. We
are going to be primarily concerned with the boundary value problem: the
two pieces of information will be specified at opposite endpointﬁ.1 Let’s focus
on the boundary value problem for the differential equation (b‘l) given by
the boundary data

u(0) =0, wu(l)=0. (2.2)

01 02
Our goal is to show that the solution to (b—l) and ()’2‘2) can be represented
in the form

u(z) = /0 G(z,y)f(y)dy (2.3)

for some functiog, G:(z,4). G is called the Green function for the boundary
value problem (g—l), (b‘Z) Here is the method for constructing the Green
function in this simple example. 01

STEP 1. Consider first the homogeneous version of (b‘l), namely

u—u=0 (2.4)

Since this equation has constant coefficients its easy to write down the general
solution. It is
u(z) = Asinhz + Bcoshx

We will need first to find the solutions which satisfies the LEFT HAND
boundary condition u(0) = 0. These are clearly given by choosing B = 0.

15



We will see later that our procedure doesn’t care what A is. So lets just

choose A = 1. Denote the solution that we’ve now got by U. So

U(z) =sinhz

STEP 2. Do the same thing all over again, but using the RIGHT HAND
boundary condition. To this end we may write the general solution to (2:4)

in the form
u(z) = C'sinh(z — 1) + D cosh(z — 1)

A solution that satisfies the right hand boundary condition is

V(z) = sinh(z — 1)
(and this is the only one, up to a scalar multiple.)

STEP 3. Define Ul) U'(a)
W(x) = det (V(x) V’(x))

Inserting our particular U and V' we can compute that
W(z) =sinhl 0<z<1
STEP 4. Define

U(z)V(y) < < <
Glr.y) = U(yW)(‘Z//zx)’ for0<z<y<l1
W, fOI'OSySl’Sl

In our case this expression reduces to

sinh 1 )

(sinhy)sinh(@=1) = 1 0 <y < 2 < 1.

sinh 1 )

Ginh2)sinh(y=1) = o 0 < 2 <y < 1
G(x,y)Z{ <y<a<

(2.5)

(2.6)

Notice that on the overlapping portion of these definitions, namely on the di-
agonal x = y, the two halves of these formulas agree. So the function G(z,y)
is well defined even on the diagonal of the square [0,1] x [0,1]. Moreover,
for each z, G(x,y) is a continuous function of y and for each y G(z,y) is a
continuous function of x because the limits from the left and right (or up to

down) agree on the diagonal.
NOW let

(2.7)



for ANY continuous function f.
01 02

I claim that u is a solution to the boundary value problem (b‘l), (b‘Z)
The easy part of this Iy seeing that the function u in (}‘2_7) satisfies the two
boundary conditions (b‘Z) Indeed the definition of G' shows that G(0,y) =0
for all y and G(1,y) = 0 for all y. This is why we chose U and VO 2s we
did. So u is zero at the two boundarjes. To prove that u satisfies (b—l) we
must differentiate the right side of (y};) a couple of times. The naive reader
(not you) might think that we can just put d*/dz? under the integral sign.
But if you do this you will find (d?/dz?)G(z,y) — G(x,y) = 0 on each half of
the square because both U(x) and V' (z) satisfies this equation. This would
then give v’ — u = 0, which is not what we want. So here is what we must
do. There is trouble with G(z,y) as x passes through y. Although G(z,y) is
continuous in z for fixed y its first derivative, G, (x,y), actually has a jump
as x passes y, as we will see in a moment. So G,.(z,y) doesn’t even exist
at x = y. To deal with this we just put the trouble spot into the limits of
integration thus:

u(z) = / "G, ) fly)dy + | cewrwi

In each integral the integrand is a nice function of x, provided y is where
the limits of integration allow it to go. There is never a crossing over the
diagonal. Here is the computation. As you know there is a contribution to
the derivative of u from the x that occurs in the limits of integration.

(@) = Glo,27) (@) = Gla, ™) f(2) (28)
+/0 Gcc(x,y)f(y)der/ Go(z,y) f(y)dy (2.9)

In the first line the expression z~ indicates that we are letting y approach
x from below, as it should, while 21 indicates that y is approaching = from
above. But now recall that you admitted a while back that the function
y — G(x,y) is continuous. Therefore the first line is zero. So

() = / "Gl y) fly)dy + / Gl ) (9)dy. (2.10)

which is just ng;c we would have gotten if we had simply put d/dz under
the integral in (2.7). But the next time we won’t be so lucky. We’re going to

17
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repeat this procedure for the second deriv; 1iilve. But we'll see that the “first
line” is not zero this time. We find from (g [0)

u//($) = Gx(x,x_)f(x) — GI(IL’, $+)f(x)
+/O Gao(, ) f(y)dy +/ Gao (2, ) f(y)dy (2.11)

This time the first line does not give zero because G, (x,y) has a jump as y
passes by x. How much is the jump? Just look at the definition of G and
the definition of W: G.(z,y) = U(y)V ()/W()lfy<a: SoG(xx):
U(x)V'(x)/W(x). SlmllarlyG (x,2t) =U'(x)V(x)/W(z). S

Go(z,27) = Go(z,27) = U(z)v (x%/(g,( )V (x)

=1. (2.12)

012
Hal So the first line in (b_ﬂ) is just f(x). But we have already observed that
Gu(z,y) = G(x,y) (at least when y # x, and this is where y is ranging in the
two integrals.) Putting this toggi}ller we now find that v”(z) =(z) + u(x),
which js exactly fhe equation (2:1). Thus u(x), as given by (b‘?), satisfies
both (bfl)o%nd %2) So G(x,y) is the Green function for the boundary value
problem (Z:1),(2).

Our aim in this section is to carry out this procedure for a general second
order ordinary differential equation. To this end we must be able to construct
the functions U and V' and understand the function W. All of these are issues
pertaining to the initial value problem, which is much easier to deal with than
the boundary value problem and whose basic theory we will review in the
next section.

But before leaving this successful example lets rewrite informally the
preceeding computations. We actually showed that

(@/di? — 1) / G.y)f(y)dy = f(2) (2.13)

If we (innocently) rewrite this as

/0 (@ /e — )Gl y) (y)dy = f(x)

18
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then we could claim that we have shown that
(d?/dz* — 1)G(z,y) = 6(z — y). (2.14)
020 018
And what does (b_fll) mean? It means exactly that (b_[?)) holds, which we

have proved. So if you are fond of ¢ functions (and who isn’t) then all is well.

In truth, this n%%g approach to Green functions, as embodied in the fun-
damental formula (2.6), can break down for a general second order differential
equation. We need to see how this can happen before proceeding to a general
second order ODE. Here is a simple example of

BREAK DOWN
01
Lets modify the equation (}‘Z_l) slightly. Consider the equation
u'(z) + 7Pu(z) = f(r) 0<z <1 (2.15)

The general solution to the corresponding homogeneous equation u” + m2u =
0 is u(x) = Asin(mz) + Bceos(mz). Since cos0 # 0 and cosm # 0 the
desired function U is U(x) = sin(mz) and the desired function V' is ALSO
V(z) = sin(mz). Consequently W(x) = 0 for all x.!! The formula (E_6) is
now meaningless.!!! That’s life. So is there a Green function? Answer: No.
It will be important for us to understand exactly why and when such failure
occurs.

2.2 The initial value problem.

We consider a closed bounded interval [a,b]. We wish to study several prob-
lems associated with the differential operator

(Lu)(x) = pa(x)u”(z) + p1 ()0 (x) + po(w)u(z). (2.16)

We will assume throughout that the coefficients p; are continuous on [a, b|
and that py(z) > 0 on the entire closed interval.

Theorem 2.1 (Ezistence and uniqueness for the initial value problem)
Let f be a continuous function on [a,b] and let ¢ and ¢ be two real num-
bers. Then there exists a unique function u € C*([a, b)) satisfying

020

021

Lu(z) = f(x) for all x € [a,b] and u(a) = ¢ and u'(a) = . (2.17)
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defWronsk

Proof: Use Picard’s method. See e.g. Kreyszig “Advanced Engineering
Mathematics”

Definition 2.2 (Wronskian) Let f and g be two functions in C*([a,b]). The

Wronskian of f and g is the function

W (f,g)(x) = det (‘; o Ei’;) (2.18)

Recall that f and g are said to be linearly dependent on [a,b] if there are
constants « and [ such that

af(x)+ Bg(x) =0

In this case we may differentiate this equation and find that

af'(x) + Bg'(x) =0

Wlhgn f and g are differentiable. This shows that the rows of the matrix in
(}'ZT8) are linearly dependent for every = € [a,b]. Hence W(f,g) = 0. This
proves

Lemma 2.3 If f and g are in C*([a,b]) and are linearly dependent on the
interval [a, b] then

W(f,g)(x)=0 for all x € [a,b].
The partial converse of this is a little bit more subtle.

Lemma 2.4 Let u and v be two solutions of Lu = 0. Then u and v are
linearly independent on [a,b] if and only if W (u,v) is nowhere zero.

Proof: Assume Lu = Lv = 0. If, for some point zy one has W (u,v)(xg) =
0 then the points (u(xg),u'(zo)) and (v(zg),v'(xo)) in the plane are linearly
dependent vectors in R?. Therefore there exist nonzero constants «, 3 such
that

au(zg) + Bv(zg) = 0 and au'(zg) + Bv'(x) = 0.

Let g(z) = au(z) + fv(x). Then Lg = 0. But g(zp) = 0 and ¢'(zo) = 0.
Therefore g(x) = 0 for all z € [a,b] by the uniqueness portion of Theorem
FZ.‘L_Hence u and v are linearly depende Ee%%ia, b]. Conversely, if u and v are
linearly dependent on [a, b] then LemmszTB_shows that W (u,v) is identically
zero (even if u and v are not solutions to Lu = 0.)
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2.3 The boundary value problem and Green functions

Theorem 2.5 Let

L(u) = pa(x)u” + pr(x)u’ + po(z)u (2.19)
A(u) = au(a) + o'u'(a) (2.20)
B(u) = Bu(b) 4+ f'uv'(b) (2.21)

for u € C*([a,b]), where py, p1, po are in C([a,b]), o, o, B, B are real
numbers, and py > 0 on [a,b]. Then the inhomogenous system

1) Lw)=f  €C([a,b])

A(w) = oy
B(w) = 5
has a solution for all f, aq, By if and only if the homogeneous system
2) L(u) =0
A(u) =0
B(u)=0

has no non—zero solution.

Proof: Define functions U, V, T%Olf with the aid of the basic existence

and uniqueness theorem, Theorem 2.1, so as to satisfy
LWU)=0, Ufa)=d, U'l(a)=—-a (2.22)
LV)=0, V(b) =g, V'(b)=-8 (2.23)
L(F)=f, F(a)=F'(a)=0 (2.24)

Then clearly A(U) =0 and B(V) = 0.
Thus for Dirichlet boundary conditions [0 = 1,0/ = 0,8 =1, = 0], U
and V look like this

Let
w=cU+dV + F.
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Then

L(w) = f (2.25)
A(w) = dA(V) (2.26)
B(w) = ¢B(U) (2.27)

Now assume that the system 2) has no non—zero solutions. Since L(U) =
A(U) = 0 it then follows that B(U) # 0. Similarly A(V') # 0. Hence for any
aq, 1 we may choose ¢ and d so that w satisfies 1).

Conversely assume that 1) has a solution for all f, aq, £, and that 2) has
a solution u not identically zero. Then there exists a function v such that

L(v) =0 (2.28)
A(v) =0 (2.29)
B(v) =1 (2.30)

But (u(a),v/(a)) € R? is orthogonal to (a,a’) as is also (v(a),v’(a)) and
neither is zero — by uniqueness theorem. Hence one is a multiple of the
other. Say c(u(a),v'(a)) = (v(a),v'(a)). Then the function cu — v has zero
initial data at a and satisfies L(cu —v) = 0. cu —v = 0 on [a,b]. But
B(u) =0. B(v) =0, contradiction.

Corollary 2.6 If the system 2) has no non zero solution then

a) the functions U and V' constructed in the previous proof are linearly
independent and

b) their Wronskian W is nowhere zero.
Proof: It suffices to show U and V" are linearly independent. If they aren’t

then there exists a constant ¢ such that U = ¢V'. But then B(U) = ¢B(V) =
0. So U satisfies 2). But U is not identically zero on |a, b].

Theorem 2.7 (Green function.) Assume that the system 2) has no non-
zero solution. Then the system

(2:31)



has the unique solution

@) = [ G 1wy 232 (53
where
ey = JU@VE)/ ()W (y)  asz<y
cley {U(y)V(m [(p2(y)W (y)) <y<az< (2.33)
and
W=UV-VU. (2.34)

Proof. As in the introduction to this section we are going to have to break
up the integral into two parts to take into account the jump in the derivative
of GG. Thus we will write

u(z) = / G(z,y) f(y)dy (2.35)

= [ G+ [ cleprwi. (2.36) [2.8]

The derivative of each integral with respect to x will have two terms, corre-
sponding to the two appearances of x. Differentiating first with respect to
the x that appears in the limits of the integrals the fundamental theorm of
calculus gives

' (z) = Gz, 7)) f(x) — Gz, 27) f(2) (2.37)
[ Gty [ Gaenfa  (239)

Thus the contribution to «/(z) from the limits cancel because G(z,y) is con-
tinuous in y at y = x. We therefore find

wmszmWﬁ@@+/Gmwv@@. (2.30)

We need now the key identity that describes the jump of the first derivative
of G. It is

Golr,27) — Gp(z,zh) = (2.40)

2.6.

1



2.3 013
This may be %eréived from (b_33) Just imitate the derivation of ()‘ZTQ) Now

differentiate ( 39) to find
u'(z) = Golw,27) f(2) — Ga(z,27) f(x) (2.41)
/ Guale )Wy + [ Guclo) ) ) (2:42)

— F@)/pa@) + [ Caaly)f )y + / G (. 9) () [ () dy. (2.43)

a

Hence multiplying by po(z) we find
pa(x)u’(z) = f(x) (2.44)

b

; / o) Cos (2, ) f(y)y + / P2(2) G (2, 9) f (9)dy. (245)

T

0 multiply ( b?6 ) by po(x) and multiply (b‘39) by pi(x) and add them to
) to find

Lu(x) = f(2) + / (LGl ) (y)dy + / (L.Ge.y)f(s)dy  (2.46)
= f(2) (2.47)

because L,G(z,y) = 0 off the diagonal. Finally, just as in the simple example
in the mtroductlon the reader may verify that, for each (a,b), the

; b
function = v G(x,y) sptjsfies the boundary conditions in (2:31). Hence so
does u, by ( }’2_36 and (2.39). m

Definition 2.8 (FEigenvalue.) A complex number X is called an eigenvalue
of the differential operator L with boundary conditions given by A and B if
there exists a function u in C?([a,b]) such that

Lu = A\u (2.48)
A(u) =0 (2.49)
B(u) = 0. (2.50)

The function u s called an eigenfunction with eigenvalue .
Definition 2.9 The differential operator L is called symmetric on [a,b] if
(Lu,v) = (u, Lv)

for allw and v in C*([a, b]) which are zero in a neighborhood of each endpoint.
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Fact: If L is symmetric then L must have the form given in the next
theorem (wherein we change notational and sign conventions, taking ps(z) =
—p(z) < 0.) (Give a little try to find a proof of this fact by yourself.)

Theorem 2.10 Let p and q be continuous functions on [a,b] with p(z) > 0
for all x € [a,b]. Let

L= [ () (&) — a(a)u(a) (2.51)
A(u) = au(a) + o'u'(a) (2.52)
B(u) = Bu(b) + B'u'(b). (2.53)

Put ,
(u,v) = / u(z)v(x)d.
Then (Lu,v) = (u, Lv) if u and v € C*([a,b]) and A(u) = B(u) = A(v) =
B(v) = 0.
Moreover there exists a strictly increasing sequence A\, of real eigenvalues
for the operator L with boundary conditions A(u) =0, B(u) = 0. In fact one

has lim A\, = oo. The corresponding eigenfunctions u, may be chosen real.
Assume they are normalized:

b
/ |t (2)])?dx = 1.

Then the sequence uy,us, ... forms an O. N. basis of L*(a,b).

2.4 Eigenfunction expansion of the Green function

We are going to use the notation

(Ku)(x) = / K (. y)u(y)dy

whenever K (z,y) is a function on the square [a,b] X [a,b]. The operator
u +— Ku is called an integral operator. You can see from the repeated use of
such expressions in the previous sections that this is a useful notation.
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Let

Lu = _dix <p(x)%) + q(z)u(z) (2.54)
A(u) and B(u) as usual. (2.55)

If X\ is not an eigenvalue of L for the boundary conditions A = 0, B = 0 then
(L — M\)~! exists and is given by a Green function G, (z,¢):

(L—Nu=f=u= / G (. €) F(€) .

Let Ay, A9, ..., be the eigenvalues of L and wuq,us,... the corresponding nor-
malized (real) eigenfunction. Then

Theorem 2.11

1
A —

1 J

hE

Gi(7,y) = uj(z)u;(y).

>

<.
Il

Informal Proof: We assume all series converge and all interchanges are

legal.
Let -
Kx(z,y) = Z y 1_ 3 (@) (y)-
Now
/ Ki(z,y)un(y)dy = ’ Ajl_A/ u(j(@)u;(y)un(y)dy (2.56)
1
= o )\un(:p) (2.57)

because all the other terms are zero. We may write this as

1

Ky, =
A =36

Unp

Therefore

(L — N (Kyup) = uy
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But (L — \)G\ = Identity. So

(L — N Kyup, = up, = (L — N)Gyuy,.

Therefore Kyu,, = G u,, for all n because L — X\ has trivial nullspace. Thus,
for each x
(K)\(Ia')aun) - (G)\(l’,‘),un) \V/TL

Therefore
K}\(iL‘, Z/) = G)\(JZ', y)
thmQ6
This “proves” Theorem }‘Z.I . “QED”
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2.5 Problems on ordinary differential equations
1. Apply Picard’s iteration method to the following initial value problem.
Find y1<x>7 y2<x>7 y3<x>

y'=1+ay, y(0)=1

Ref: Kreyszig, Advanced Engineering Mathematics (sec.1.11 in 3rd edi-
tion)

2. Determine which of the following operators are symmetric on the interval
[1,5]

d*u du
d’*u

2

¢) Lu = d_xq; + 9%,

3. Determine which of the operators in Problem 2 have inverses for the
boundary conditions u'(1) = «/(5) = 0 and for these operators find the
Green functions.

4. Let
Lu = 2°u" 4+ 2zu’ on [1,3].
a) Show that L is symmetric on this interval.
b) Find the Green function for L under Dirichlet boundary conditions:
u(l) = u(3) = 0.

c¢) For the same boundary conditions find the eigenfunctions and eigen-
values of L.

Hint: Equations of the form ax?u” + bxu’ + cu = 0 tend to have two linearly
independent solutions of the form v = 2%, a complex. When only one can
be found in this form then x®Inz will give another one.

thm05
5. Prove the Fact preceding Theorem b [0.
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3 Generalized functions. () functions and all
that.)

3.1 Dual spaces

The concept of a dual space arises naturally in differential geometry, mechan-
ics and general relativity. And we will need it later to understand generalized
functions.

Definition 5.1 Let V' be a real or complex vector space. A function L :
V — scalars is called a linear functional if

L(ox + By) = aL(z) + GL(y)

for all x and y in V' and for all scalars o and 3. In other words a linear
functional is a linear transformation from V into R (or C if V' is a complex
vector space.) The dual space to V' is the set, denoted V*, of all linear
functionals on V.

For example the function which is identically 0 is a linear functional.
(Check this against the definition.) Moreover if Ly and Lo are linear func-
tionals then so is the function aL; 4+ bLs for any scalars a and b. (Check this
against the definition now!) Therefore V* is itself a vector space. Its a new
vector space constructed from the old one.

Example 5.2. Denote by P3 the vector space consisiting of polynomials
of degree less or equal to 3. This is a four dimensional vector space because
{1,t,12,#3} constitutes a basis. Here are some linear functionals on this space.

L. p— Li(p) = p(7).

2. pr> La(p) = [, p(t)dt.

3. p Ly(p) = [ p(t) sintdt.

[It would be best if you, personally, verify that each of these functions on
P5 are linear functionals.|

The thing to take away from these examples is that there is no resem-
blance between V' and V*: you cannot really “identify” any of these three
linear functionals on P3 with elements of Ps itself. RIGHT? V* is really a
different vector space from V itself. We have constucted a new vector space
from the given one. This being the case, you have to regard the following
theorem as remarkable.
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Theorem 5.3 If V is an n-dimensional vector space then so is V™.
Proof. Let ey, ..., be any basis of V. Then any vector x € V can be

uniquely written
n

T = Zajej (3.1)
j=1

Uniqueness means that each a; is a function of x. Define
Li(z)=ua;, j=1,..,n

Its straightforward to check that each function L; is a linear functional. We
will show that they form a basis of V*.

1. They are linearly independent. Proof: Suppose that M := 2?21 c;L; =
0. Then 0 = M(ex) = D7, ¢jLj(er) = 27 ¢;djn = cx. So all the coeffi-
cients ¢ are zero. Hence the functionals L; are linearly independent.

2. They span V*. Proof: Let L be any linear functional. Define ¢, =
L(eg). Claim: Then L =), _, ¢xLy. You can check this yourself by showing
that both sides of this equation agree on each e; and therefore on all linear
combinations of the e;. Thus they agree on all of V.

So we have now produced a basis of V* consisting of n elements. Hence
dimV* =n. QED.

Terminology:5.4 The basis L; described in the preceding proof is called
the dual basis to the basis eq, ..., e,. It has the nice property that

Lj(ex) = 6k

Philosophic considerations 5.5. Having chosen the basis ey, ..., e, of
V' we see that we automatically get a basis L1, ..., L,, of V*. Since any vector
x in V can be written uniquely in the form (5.1) we can now define a vector
L, in V* by the formula

Laj = Z aij
j=1
In this way we get a map x — L, from V onto V*. You can check easily
that this map is a) linear, b) one-to-one and c¢) onto V*. This is, as some
people would say, an isomorphism from V onto V*. With the help of this
map we could, if we wished, identify V' and V* and even go so far as to say
that V' and V* are the “same” space. But there is a catch: A choice of basis
has been made in constructing this isomorphism. If Jim goes into one room
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and chooses a basis ey, ..., e, to construct this isomorphism and Jane goes
into another room and chooses a basis the chances are that they will choose
different bases. Then they will arrive at different isomorphisms. So each
one will identify V' with V* in different ways. Jim will say that the vector
x € V corresponds to a certain linear functional L and Jane will say, no, it
corresponds to a different linear functional, M.

When an isomorphism between two vector spaces depends on someone’s
choice of a basis we say that the isomorphism is not natural. If you should
nevertheless decide to think of these two vector spaces as the “same” (i.e.
identify them) then sooner or later you will run into conceptual and even
computational trouble.

But there is an important circumstance in which one really can justify
identifying V' and V*. (Some readers might recognize the next theorem as
“raising and lowering” indices.)

Theorem 5.6. Suppose that V' is a real finite dimensional vector space
and (-,-) is a given inner product on V. Then for any linear functional L on
V' there is a unique vector y in V' such that

L(z) = (z,y) forall z V.
Denote by L, the linear functional determined by y in this way. That is,
L,(z)=(x,y) forallzeV. (3.2)

Then the map
y— L,

is a one-to-one linear map of V' onto V*. (Le. it is an isomorphism.)

Proof. The map y — L, is clearly linear. (You better check this. It will
be good practice in dealing with these structures.) Moreover this map is one-
to-one because if L, = 0 then in particular L,(y) = 0. That is, (y,y) = 0.
So y = 0. Therefore the map y — L, is one-to-one. Hence, by the rank
theorem, the range of this map has the same dimension as the domain. But
if dim V = n then by Theorem 5.3 dim V* = n also. Hence the range is all
of V*. QED.

Moral 5.7. We know that there are many inner products on any finite
dimensional vector space. But given a particular inner product on a real
finite dimensional vector space V', the preceding theorem provides a natural
way to identify V' with V* without making any ad hoc choices of basis. Here
is a consequence of this identification that we live with every day.
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Derivative versus gradient. Suppose that V' is a finite dimensional
real vector space and f is a real valued function on V. For any point x in V'
and any vector v € V define

df (z + tv)
O, f(x) = ———=|=
f(z) 7 =0
This is the derivative of f in the direction v. For example if we choose any
basis e, ..., e, of V we may write x = Z?:l xje; and then f is just a function
of n real variables, x1, ..., x,,. The chain rule then gives

O f(z) = Zvj(af/axj)(x)

where of course v = 2?21 vje;. This sum is clearly linear in v. In other
words the map v — 0,f(z) is, for each x, a linear functional on V. One
often writes f'(x) for this linear functional. That is, f'(z)v = 9,f(x). So
f'(x) is in V* for each # € V. Therefore the derivative , f', is a function
from V into V*. If there is no natural way to identify V* with V' then this
map to V* is the only object around that captures the notion of derivative
that you're familiar with. But if V' has a given inner product, (-,-), then we
can identify the linear functional f’(z) ( for each z) with an element of V.
This is the gradient of f. That is,

identified to an element of VV by Theorem 5.6. Thus

f@w =0,f(x) = (Vf(z),v).
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3.2 Problems on Linear Functionals

Definition. A linear functional on a real or complex vector space V' is a scalar
valued function f on V such that

i) f(az) = af(x) for all scalars @ and all z € V.
and ii) f(z+y) = f(z) + f(y) for all z and y in V.

Which of the following expressions define linear functionals on the given
vector space?

1. V= R® x = (v, 19, 73). Explain why not if you think not.

b) f(z) =2, +4
c) f(x) =af + 5us
d) f(z) =7

e) f(x) =0

f) f(z) = sinzy

g) f(z) = z122

3

h) f(x) = x - u where u is a fixed vector and x - u = Z T,
=1

2. V =(C([0,1]) (real valued continuous functions on [0, 1]).

8) F(p) = / ()it for o € C([0,1])

—
N~—
3
S

I

N
S
=

&,
=

~
U
~
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W F) = [
) F(e) = [ (ot Vi
) Fo) = [ oo
9 Fi) = [ (sim o )

Explain why not if you think not.

3. Let V be the vector space of all finitely non—zero real sequences. [A
sequence r = (x1,s,...) is called finitely non-zero if AN > x; = 0 for all
k> N.] If a = (ay,a9,as,...) is an arbitrary sequence of real numbers let

fa(a;):Zaj:Uj for =z in V. (3.3)
j=1

a) Show that the series converges for each z in V.
b) Show that f,(x) is a linear function of x.

c¢) Show that every linear functional on V" has the form (1). That is, show
that if f is a linear functional on V' then there exists a sequence, a, such that

flz)=falx) V2 eV,
d) Show that the sequence a, in part ¢) is unique.

4. Denote by P, the space of real valued polynomials of degree less or equal
to 2. This is a real vector space of dimension three. (Right?) Define an inner
product on Py by

(p,q) :/ p(t)q(t)dt.

1

You have already admitted that the function on P, defined by L(p) =
f02 p(t)sintdt is a linear functional. But we also know that every linear
functional is given uniquely by an element of the space P, with the help of
the inner product. Thus there is a unique polynomial f of degree at most 2
such that

L(p) = (p. f) forall peP,.
Find f.
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3.3 Generalized functions

If you want to measure the electric field near some point in space you could
put a small charged piece of cork there and measure the force exerted by the
field on the cork. In this way you have converted the problem of making
an electrical measurement to that of making a mechanical measurement. Of
course the force on the cork is a (constant multiple of) an average of the forces
at each point of the cork. If E(z) is the field strength at = and p is the charge
distribution on the cork then the net force on the cork is [, E(x)p(z)dz,
in appropriate units. In practice (and even in some theories) it is only these
averages that you can measure. For example if you really want to measure
the field at a point x by the preceding method you would have to place a
point charge at x. But classical theory shows that the total electric energy of
the field produced by a point charge is infinite. The notion of a point charge
is therefore at best an idealization. Of course if you know in advance that the
electric field is continuous then you can get better and better approximations
to the value of E(x) by using a sequence of smaller and smaller corks. In
the classical theory of electomagnetic fields the electric field tends to be
continuous and therefore it makes sense to talk about its value at a point.
The quantum theory of eletromagnetic fields, however, recognizes that there
are tremendous fluctuations in the field at very small scales and only the
averaged field has a meaning.

The need for talking only about averages shows up also in measurement of
temperature. A thermometer is clearly measuring the average temperature
over the volume of the little bulb at the bottom. If the temerature varies
from point to point and is a continuous function of position then you can, in
principle, measure the temperature at a point by using a sequence of smaller
and smaller bulbs. Recall however that a typical small bulb will contain
on the order of 10?2 molecules. In accordance with statistical mechanics
the temperature at a point of a system has a really questionable meaning
because temperature is a measure of average kinetic energy of a large bunch of
molecules. So at an atomic size of scale temperature at a point is meaningless.

A pairing such as [p,E(x)p(x)d’z, between an “extensive” quantity such
as charge (“extensive” means that in a larger volume you have more of the
stuff, such as charge, mass, etc.) and an “intensive” quantity, such as the
electric field ( in a larger volume you don’t have more field) occurs often in
physics. The integral is linear in p and defines a linear functional on the
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vector space of test charges. The integral is also linear in E for fixed p.
We say that the integral is a bilinear pairing between the extensive quantity
p and the intensive quantity E. Such bilinear pairings between two vector
spaces is common. Usually the elements in these dual vector spaces have a
physical interpretation, extensive for one and intensive for the other. (Julian
Schwinger, in his book “Sources and Fields” emphasizes the duality between
sources and fields.)

We are going to develop and use this notion of duality between very
smooth functions (test functions) and very “rough” functions (e.g. delta
functions.) It has proven to be a great simplifying machinery for under-
standing partial differential equations as well as Fourier transforms. We are
going to apply it to both.

The first step is to understand really smooth functions.

Test functions

Lemma 1. Let

e/ for x>0
f(w) = {0 for x <0

Then f is infinitely differentiable on the entire real line.

Proof: First, recall that e' grows faster than any polynomial as t — +oo.
That is, lim; . p(t)e”" = 0 for any polynomial. Second, you can see by
induction that for > 0 the nth derivative d"e~'/*dz"™ = p,(1/z)e~Y/* for
some polynomial p,. [ Convince yourself with the cases n = 0,1,2.] Third,
you can see easily that all of the derivatives of f exist at any point other
than x = 0, and is zero to the left of 0. The only question then is whats
happening at x = 07 Sadly, one must go back to the definition of derivative
to answer this. But its not so hard. If we know that the first n derivatives
exist at x = 0 and are zero there then the first and second comments above
show that the n + 1st right hand derivative is

~1/h
.mpn(l/h)e /h—0 _

li

h]0 h—20 0

Of course the left hand derivative is clearly zero. So the two sided derivative
exists and is zero. This is the basis for an induction proof. Carry out the
case n = 0 yourself. QED.

Lemma 2 Let



where f is the function constructed in Lemma 1. Then ¢ is an infinitely
differentiable function on R with support contained in the interval [0, 1].

Proof:. ¢ is clearly infinitely differentiable by the repeated application
of the product rule for derivatives. To see that ¢ is zero outside the interval
[0,1] draw a picture. QED

Notation. C¢° is the standard notation for the set of infintiely differ-
entiable functions with support in a finite interval. One says that these
functions have compact support.

We have now constructed one (not identically zero) function in C2°. From
this function its easy to construct lots more. For example the function ¢ (z) =
30(2x +T7) + 5p(4x)? is also in C°. By scaling and translating the argument
of ¢ and taking powers one clearly gets lots of such functions. In FACT there
are so many such functions that they are dense in L*(R). [Remember the
concept of density form the chapter on Hilbert space?] One of the homework
problems sketches how to show that any continuous function with compact
support is a limit of functions in CZ°.

Notation The space C° arises so often that it customarily is given a

special notation:
D = C*(R).

The dual space of D is denoted, as usual, D*.

Terminology An element in D* is called a distribution or a generalized
function (according to taste).

Examples 1. Suppose that f is a continuous function on R. Define

Li(p) = /_00 f(z)p(x)dx for ¢ € D. (3.4)

Then Ly is a linear functional on D. Notice that even if f increases near oo
(e.g. f(x) = e*") the integral makes sense because its really an integral over
some (and in fact any) interval that supports ¢. So Ly € D*.

2. Let

Ls(¢) = ¢(0).

Then Ljs is also a linear functional on D. (Clear?) So Ls; € D*. But this
example is substantially different from the first one. There is no continuous
function f, or even discontinuous function f, such that Ls = [ f(z)¢(z)dx.
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3. Its still OK if the function f in Example 1 is not continuous. hut has
only some mild singularities. For example if f(z) = 1/]z|'/? in (%7[) then
the integral still exists for any test function ¢. All we need of f is that
fab |f(z)|dx < oo for any ﬁn%t%interval [a,b]. In particular the function
f(x) = 1/]z| won’t work in (3.4). The integral doesn’t make sense for an
arbitrary test function ¢. One says that f is locally integrable if fab |f(z)|dz <
oo for any finite interval [a, b].

The lesson to be drawn from these examples is this: any continuous
function f on R produces a ‘S‘g?neralized function” Ly, i.e. an element of
D* by means of the formula (%7[) But not every element of D* comes from
a continuous function in this way (or even from a discontinuous function),
as we see in Example 2. That’s why we call the elements of D* generalized
functions. Neat terminology, huh?

4. There is an important instance that violates the wisdom of Example
3. Its based strongly on cancellation of singularity.

Lemma Let ¢ € D. Then

Py ztim [ 2%, (3.5)

x al0 Jigj>a T

exists and is equal to
¢(x) ' o(x) — ¢(0)
|z|>1 de " /—1 de (36)

Proof: If 0 < a < b then

) g [ 2@y, +/ o) =00, 3
lz|>a T lzj>b ¥ a<|z|<b T
because fa<‘x|§b ~dr = 0. The integrand in the last term in (3.7) is bounded

on R by the mean value theorem. So we can E%a 1 0 and get a limit. This
also proves the validity of the representation (3.6) of this limit. QED

The generalized function P(1) is called the Principal Part of 1/z. It
arises in many contexts. We will see it coming up later in the Feynman
propagator.
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3.4 Derivatives of generalized functions

Definition Let T' € D*. The derivative of T is the element T” of D* given
by
T'(¢) = -T(¢') forall ¢eD. (3.8)
What does this definition have to do with our well known notion of deriva-
tive of a function? First lets observe that at least 7" is indeed a well defined
linear functional on D. The re%s%n is that for any ¢ € D the function ¢’ is
again in D so the right side of (3.8) makes sense. The linearity of 7" is clear.
Right? To understand gv}}y this definition is justified consider the example
T = Ly spelled out in (%?) Suppose that f is actually differentiable in the
classical sense. (i.e. in the sense that you grew up with.) Then

Ly (o / flx
=lfvwwm

where a and b are chosen so that ¢ = 0 off (a,b)

b~ [
——/Umwmm
/ fa

= —Ls(¢

So

N 39)
Stare at (%‘8) and (%‘9) Do you see now why (%‘8) is a justifiable definition
of derivative of a generalized function 77 That’s right. It agrees with the
classi all notion of derivative when 7' = L; and f is itself differentiable!!!
But (%_8) has a well defined meaning even when its not of E;_i; form Ly for
some differentiable function f. Lets see what the definition (3.8) gives when
T = Ly and H is the non-differentiable function given by

1, >0
H(x):{ 0 z-0 (3.10)
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D1
In this case we have, USING (%‘8),

T'(¢) = —T(¢') (3.11)
=—Ly(¢ (3.12)
/ ¢'(z (3.13)
(3.14)
by the fundamental theorem of calculus. So we have
(Ly) = Ls. (3.15)

You could say (flippantly) that we have now differentiated a non-differentiable

ctlon H and found H' = . In truth the perfectly meaningful equation
%‘15 ften written as H' = §. But what does this equation mean? It
means (3. 5). For the next two weeks we will regard it as immoral to write
the equation H' = 4.

Example: (L;)'(¢) = —¢'(0)

We now have a notion of derivative of a generalized function. Lets end
with one more definition.

Definition A sequence T, of generalized functions converges to a gen-
eralized function 7' if the sequence of numbers T, (¢) converges to T(¢) for
each ¢ € D.
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3.5 Problems on derivatives and convergence of distri-
butions.

1. Define -
L@) = | lelofa)dn for 6 € CX(R).

Using the definition
T'(¢) = =T(¢),
compute the first four derivatives of L; that is, compute T", ..., T™.

Hint #1. Use the definition of derivative of a distribution.
Hint #2. Use the definition four times to compute the four derivatives.

2. Suppose that f : R — R is continuous (but not necessarily differentiable.)
Let

u(z,t) = f(x — ct).

Show that u is a solution to the wave equation
O*u/ot* = 0*u/0x*

in the distribution sense (sometimes called the weak sense.)
Nota Bene: Since f is not necessarily differentiable you cannot use f’ in
the classical sense.

3. Does Y2, 6(z — n) converge in the distribution sense?

4. Let py(z) = (2mt)~/2e~+*/()  Find the folowing limits if they exist.
a. the pointwise limit as ¢ | 0.
b. the L*(R) limit.
c. the limit in D*.
You may use the following FACT that will be proved later

/ pe(z)de =1 Vit > 0.

[e.9]

5. Let ¢ be the function constructed in Lemma 2, except multiply it by a
positive constant such that

/R é(x)dz = 1
4

1



Such a constant can be found because the original ¢ is nonnegative and has
a strictly positive integral. Then let

Pn() = no(nz)

Our goal is to show that ¢, converges in some sense to a delta function.
a. Show that [ ¢,(x)dz = 1 for all positive integers n.
b. Suppose that g is a continuous function on R. Show that

lim [ ¢,(z)g(z)dzr = g(0).

n—oo R

c. Use part b. and the definition of convergence of distributions to show
that
Ly, converges in the weak sense to L.

6. Prove that, for all ¢ € D,

[T o) ] :
im | et P(=)(9) — im¢(0) (3.16)
This is often written as
: 1 I
131%1 e P(E) —imd weak sense (3.17)

Hint: Review the proof of the lemma at the end of Section 3.3.
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3.6 Distributions over R"

The extension of the one dimensional notion of distribution to an n di-
mensional distribution is straightforward. Denote by D the vector space
of infinitely differentiable functions on R™ which are zero outside of a large
cube (that can depend on the function.) This space is sometimes denoted
C>®(R™). There are plenty of such functions. For example if ¢1,..., ¢,
are each in C°(R) then the function ¢ (xy,...,z,) = ¢(x1) - P(xy,) is in
C>®(R™). (What cube could you use?) So is any finite linear combination of
these products. A distribution over R" is defined as a linear functional on
D. Of course we can make up examples of such n-dimensional distributions
similar to the ones we already know in one dimension: Let

Li6) = [ f@)o) (318)

As long as |f| has a finite integral over every cube this expression makes
sense and defines a linear functional on D, just as in one dimension. We also
have the n-dimensional § “function” defined by

Ls(¢) = ¢(0). (3.19)

The difference from one dimension shows up when we consider differentiation.
We now have partial derivatives. Here is the definition of partial derivative
(as if you couldn’t guess).

or
8$Ck

(¢) = =T(0¢/0xy). (3.20)

When n = 3 every distribution has a very intuitive interpretation as an
arrangement of charges, dipoles, quadrupoles, etc. I'm going to explain this
interpretation in class in more detail. It gives physical meaning to every
element of D*!!!
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3.7 Poisson’s Equation

We will write as usual r = |z| in R.

Theorem 3.1

AL g (3.21)
T

wn the distribution sense. That is,
ALI/T = —47TL5
We will break the proof up into several small steps.

Lemma 3.2 Atr #0
A(l/r)=0

Proof. 9(1/r)/0x = —x/r® and 9*(1/r)/0z* = —1/r3 + 3;5—2. So

22 +y? 4 22

A(l)r)==3/r*+3 3

=-3/r* +3/r* =0,
QED.

In view of this lemma you can see that we have only to deal now with
the singularity at » = 0. Our notion of weak derivative is just right for doing
this.

The trick is to avoid the singularity until after one does some clever
integration by parts (in the form of the divergence theorem). In case you
forgot your vector calculus identities a self contained review is at the end of
this section. I want to warn you that this is not the kind of proof that you
are likely to invent yourself. But the techniques are so frequently occurring
that there is some virtue in following it through at least once in one’s life.

Lemma 3.3 Let ¢ € D. Then

[ amsotas =tim [ /a0
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Proof: The difference between the left and the right sides before taking the
limit is at most (use spherical coordinates in the next step)

[ (/r)A6da] < max| Ad() / (1/r)dx = max | Ad(o)]2ne” — 0

r<e
QED.
Before really getting down to business lets apply the definitions.
3
ATy (¢) = Y (0%/023) T () (3.22)
]:1
= - Z(a/ax»ﬂ/r(awaxj) (3.23)
=1
— T, (A9) (3.24)
= / (1/r)A¢(x)d*x (3.25)
R3
=lim [ (1/r)A¢(z)d’x. (3.26)
e r>e€

So what we really need to do is show that this limit is —47¢(0). To this end
we are going to apply some standard integration by parts identities in the
“OK” region r > e.

Coim [ amdotyds (327)
- / V- (%vgb - gf)v(%))d% by identity (3-39) (3.28)
— / (%qu ‘n— gb(V%) - n)dA by the divergence theorem  (3.29)

where n is the unit normal pointing toward the origin. The other boundary
term in this integration by parts identity is zero because we can take it over
a sphere so large that ¢ is zero on and outside it.

45



Now

[ s maa =11 [ (To-naal (3.30)
< %(max V6| e (3.31)
—0 (3.32)

as € | 0. This gets rid of one of the terms in C, in the limit. For the other
one just note that (V2)-n = —0a(1/r)/0r =1/r?

- / :€¢(v n)dd = / bz (3.33)

= ——/ »(0)dA — l ))dA  (3.34)
——aro(0) - 5 | _€<¢><x 5(0))dA (3.35)
Only one more term to get rid of!
|/ 0))dA| < max|(z) — 9(0)] - 47 — 0

because ¢ is continuous at x = 0. This proves ( %721 .

Vector calculus identities.
If f is a real valued function and G is a vector field, both defined on some
region in R? then

V. (fG) = (V) -G+ V-G (3.36)
Application #1. Take f = 1/r and G = V. Then we get

v. (%V@S) _ (v%) Yo+ %m wherever r 2 0. (3.37)
Application #2. Take f = ¢ and G = Vi. Then we get

v. <¢v%> — (V) (v%) + ¢A% wherever 1 £ 0 (3.38)

P7 P6
But Al =0 wherever r # 0. So subtracting (%"38) from (%"37) we find
1 1 1
;A(b =V (;qu — QSV;) wherever r # 0. (3.39)

P1
This is the identity we need in the proof of (%21)
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4 The Fourier Transform

The Fourier transform of a complex valued function on the line is
o= [ eraa (1)

Here & runs over R. The most useful aspect of this transform of functions is
that it interchanges differentiation and multiplication. Thus if you differen-
tiate under the integral sign you get

O = [ e tins s (4.2

dg oo
So p
(Fourier transform of{iz f(x)})(€) = % F(£). (4.3)
And an integration by parts (never mind the boundary terms) clearly gives
~igf©) = [ ey (4.4
So R )
f1(€) = —igf(€) (4.5)

We will see later that these formulas allow one to solve some partial differen-
tial equations. Moreover in quantum mechanics these two formulas amount
to the statement that the Fourier transform interchanges P and () (momen-
tum and position operators.)

But the usefulness of these formulas depends crucially on the fact that
one can also transform back and recover f from f. To this end there is an
inversion formula that does the job. Our goal is to establish the most useful
properties of the Fourier transform and in particular to derive the inversion
formula and show how to use it to solve PDEs.

To begin with we must understand how to give honest meaning to the
formula (h‘l) Since the integral is over an infinite interval there is a conver-
gence question right away. Suppose that

—00
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We will write f € L' if (b_6) holdg, If f € L' then there is no problem with
the existence of the integral in (4.1) because lim, .o [°, €™* f(2)dz exists.

[Proof: |( [ f el f(z)dx| < fagmgb |f(x)|dx — 0 as a < b — oo. Use
the Cauchy convergence criterion now.|
Of course even if f € L' it can happen that f’ is not in L' andégr that
Fg is not in L. This is a nuisance in dealing with the identities (h?) and
(44). We are going to restrict our attention for a while to a class of functions
that will make these issues easy to deal with.
Definition. A function f on R is said to be rapidly decreasing if

|z" f(x)] < M,, n=0,1,2,.. (4.7)

for some real numbers M,,. In words: z" f(x) is bounded on R for each n.

Examples 1. e is rapidly decreasing.

2. m%ﬂ is not rapidly decreasing because (&7) only holds for n = 0,1, 2
but not for n = 3 or more.

3. If f is rapidly decreasing then so is 72f(z) because 2"z’f(r) =
x"“l;é () which is bounded in accordance with (ﬁzl_?) Just replace n by n+5
in (h‘?) Since any finite linear combination of rapidly decreasing functions
is also rapidly decreasing we see that p(z)f(x) is rapidly decreasing for any
polynomial p if f is rapidly decreasing.

4. So by examples 1. and 3. we see that p(x)e
for any polynomial p.

5. Any function in C2°(R) is rapidly decreasing.

6. Summary: The space of rapidly decreasing functions is a vector space
and is closed under multiplication by any polynomial. And besides, there are
lots of these functions.

Lemma Any r E1;dly decreasing function is in L.

Proof: Apply @7) for n =0 and n = 2 to conclude that

—2* g rapidly decreasing

(1+2%)f(z)| <M

for some real number M. So
| iaas < [
QED

EF2
Using only rapidly decreasing functions in (h‘Z) will allow us not to have
to worry about whether f and zf(x) are both in L!. Neat, huh?

dr < 0.
1$OO
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But to use (E%l) we still need to worry about whether f’ is in L'. So
we are going to restrict our 1:c)étention gr a while, even further, to a class of
functions that makes both (h‘?) and (4.4) easy to deal with.

Notation: S will denote the set of C'**° functions on R such that f and
each of its derivatives is rapidly decreasing.

Examples

7. ¢~ is infinitely differentiable and each derivative is just a polynomial
times e~*. We've already seen that these functions are rapidly decreasing.
So the function e *” is in S.

8. m%H is infinitely differentiable but is not rapidly decreasing. So this
function is not in S.

9. Now here is a real nice thing about this space §. If f € S then any
polynomial, p, times any derivative of f is again in S. CHECK THIS against
the definitions! I know this may seem too good to believe. But we do know
that there are lots of functions in S. All of C° is contained in S. And
besides there are more, as we saw in Example 7.

STATUS: If f 655‘ then f and all of its derivatives are in L'. So both
formulas (#:2) and make sense. Moreover the¥ are both correct because
the boundary terms that we ignored in deriving (4.4) are indeed zero, since
these functions go to zero so quickly at co. (Check this at your leisure!)

In truth, here is the reason that the space S is so great.

Invariance Theorem. If f € S then f S

Proof: First notice that for any function f in L' we have the bound

&) =| / " () de (48)

< / " (@)lda (4.9)
= [|fl- (4.10)

Since the right side doesn’t depend on & f is bounded.

Now suppose that f € S. Then so is f/, f”, etc. So f’, f” etc. are all
in L'. By (44) it now follows that £ f(¢) is bounded for each n = 0,1,2....
So f is rapidly decreasing. But df (€)/d€ is the Fourier transform of iz f(z)
which we have seen is also in §. So df(£)/d€ is also rapidly decreasing. And
so on. QED.
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Here is what the inversion formula will look like

" or

fly) = - /OO e (€ de. (4.11)

—00

'ch we already know that f is in & we know that the right hand side of
(1.11) makes sense. Contrast this with the example that you worked out in
the homework: Take f(z) = 1if |[#| < 1 and f = 0 otherwise. Then f € L!
sq.f makes sense. But f itself decreases so slowly at oo that its not in L'. So
(411) doesn’t make sense. Aren’t you glad that we are focusing on functions
in §7

Notation:

o(y) = = / " eg(e)de (4.12)

:§ N

E8
Inversion Theorem. For f € S equation (h‘ll) holds.

In other words : f = f.

We are going to spend the next few pages proving this formula. (Not
because I fear that you might not trust me, but because the proof derives
some very useful identities along the way.)
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4.1 The Fourier Inversion formula on S(R).

To begin, here are some explicit computations of some important Fourier
transforms.

Gaussian identities

Let 1
_ —x2 /2t
r)=—c¢€ 4.13
Then we have the following three identities.
/ pe(z)de =1 (4.14)
pi(§) = 72 (4.15)

_te2 _ 1 —z2/2t
(e72%7)(z) = o e " = py(x). (4.16)

F11
Proof of (&FM) [Sneaky use of polar coordinates.|

([ wlerdap = [ plemto)dody (4.17)
oo R2

1 w2+y2

= — T 4.1

57 | ¢ dxdy (4.18)
27

77‘ /2t 41

27rt/ / rdrdf (4.19)

(4.20)

(Use the substitution s = r2/(2t) in the last step.)

F12
Proof of (h.l5)
To compute p;(€) we need first to multiply p;(z) by e®*¢ before integration.
The exponent is a quadratic function of = for which we can complete the

square thus:
2

— 4ing = —l(:U — it€)* — t6%/2

2t 2t
Hence
hi(€) = e 82— / e~ 2 () gy 4.21
pt(€> \/ﬁ ( )
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The coefﬁciergll%f e %€%/2 Jooks “just like” ffooo pi(x)dx which is one. This
would prove (4.15). But not so fast. « has been translated by the imaginary
number it{. You can’t just translate the argument to get rid of it. Here
is how to get rid of it. Let a = —t£. and suppose a > 0 just so that I
can draw pictures verbally. Take a large positive number R and consider
the rectangular contour in the complex plane which starts at —R on the
real axis, moves along the real axis to R and then moves vertically up to
the point R + ia. From there move horizontally, west to —R + ¢a and then
south back to the point —R. Since e~/ ig an entire function, the integral
of this function around this rectangular contour is zero. Otherwise put,
f_RR ele+ia)?/(2t) — f_RR e~/ 4z plus a little contribution from the vertical
sides of the rectangle. On the right end the integral is at most a times
the maximum value of the integrand on that segment. But |e~(F+)*/(20] =
eR* )/ (20 which goes to zero quite quickly for 0 < y < a as R — o0o. So
the integrals along the end segment go to zero as R — o0. So it is indeed
true that the coefficient of e~%” in (SE_Z'l) equals [*°_p,(z)dx, which is one.

QED

F13 F10
Proof of (hTG) e 2 =\ [2p,,(€) by (h_l?)) Since pi; is even we have
. F12
() = (12m)\ /2 up) (@) = e =/ by (35). QED

Definition 4.1 The convolution of two functions f and g on R is given by

(7 =9)w) = [ fla= oty (1.22)

Lemma 4.2 Let g be a bounded continuous function on R. Then for each x
lim(p, = g)(x) = g(x).

Proof: Since [*°_py(x)dz =1 we have
(pe * g)(x) — g(x) = (g9 * pe)(x) — g(x) (4.23)
~ [ 9ta -~ vty - gla) (4.24)
= /oo (9(z —y) — g(z))p:(y)dy. (4.25)

[e.e]

52

F21



Givene > 0,36 >03 |g(r —y) — g(z)| < eif Jy| <.

)
- Jpe* g(x) — g(2)] < / ol =) =~ a(@)lpi )iy (4.26)
+ / l9(x —y) — g(x)|p:(y)dy (4.27)
ly|>d
)
<e / p(y)dy + 2] / plw)dy  (4.28)
-6 ly|>¢
<ec+ 2|g!oo/ pi(y)dy. (4.29)
ly|>d
- lim < .
~Aim|(pe # g)(z) = g(w)] < &+ 2|g|clim ‘y@pt(y)dy
But
d eV gy < 2 / e Y2y 4.30
= —te Y /2 — te—9°/2t ast ] 0. 4.31
Therefore .
1tifg)1l(pt xg)(r) —g(x)| <eVe>0.
Hence

1t1lroﬂ|(pt xg)(x) — g(x)| = 0.

Q.E.D.

Lemma 4.3 If f and g are in S(R) then
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Proof:

(f*g)(x) = T = v)glw)dy (4.32)
Je g (y)dedy (4.33)

Je~ e g (y)dydE (4.34)

—ierg(€)de. (4.35)

QE.D.

Theorem 4.4 If g is in S(R) then

F13 <
Proof. In the preceding lemma put f(&) = e %"/2. Then, by (h._l'6), flx) =
pi(x). Thus

e 0@ = o [ e

lemF1 .
Let ¢t | 0. Use Lemma h.? on the left and Dom. Conv. theorem on the right
to get

o) = 5= [ e Eglee

]

The asymmetric way in which the factor 27 occurs in the inversion formula
is sometimes a confusing nuisance. It is useful to distribute this factor among
the forward and backward transforms. Define

(Fg)(€) = (2m)"24(¢) (4.36)

The factor in front of ¢ has clearly no effect on the one-to-one or ontoness
property of the map g — ¢. That is, F is a one-to-one map of S(R) onto
S(R). However the factor makes for a nice identity:

Corollary 4.5 (Plancherel formula for S) If f and g are in S(R) then
(Ff.Fg)=(f.9) (4.37)
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Explicitly, this says
| Ene @ - [ s (4.38)

Proof. Phrasing this identity directly in terms of f and g, it asserts that

/R F(6)7@)de = (2m) / f(2)g()da

But /9\(5) = fg(ac eixfdx _ fg x e_i”'édx. Hence

/ (6)g(&)de = / / f(©)g(x)e ™ dade (4.39)
/ / F(&e ™ Sg(x) d§ d:v (4.40)

= /R( f(x)g(x)da. (4.41)

Q.E.D.
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4.2 The Fourier transform over R"

The definitions, key formulas, theorems and proofs for the Fourier transform

over R" are nearly identical to those over R. In this section we are going to

summarize the results we’ve obtained so far and formulate them over R™.
The Fourier transform of a complex valued function on R" is

for = [ et (1.42)

Here ¢ runs over R™. Just as in one dimension, one must pay some attention
to the meaningfulness of this integral. But the ideas are similar.

As in one dimension, the Fourier transforlp% over R" interchanges multi-
plication and differentiation. The analog of (h‘?) is

sef© = [ e i@y (4.43)
So 9
(Fourier transform of{iz; f(z)})(§) = 7, FE). (4.44)

An integragion by parts (never mind the boundary terms) clearly gives the
analog of (4.4):

~i64() = [ e (0f/0u)(x)do. (4.45)
So - A
OF [925(€) = —i6, (€) (4.46)

We will see later that these formulas allow one to solve some partial differen-
tial equations. Moreover in quantum mechanics these two formulas amount
to the statement that the Fourier transform interchanges P; and @; (mo-
mentum and position operators.)

We say that a function f is in L'(R") if

| @l < oc (4.47)

F51
The formula (@) makes perfectly go%d%;ense if f € L'(R"). But in
the end we are going to give meaning to ( ) for a much larger class of
functions and generalized functions, including e.g. delta functions and their
derivatives. To this end we need the n-dimensional analog of S.
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Definition 4.6 A function f on R" is said to be rapidly decreasing if
lz|F|f(z)| < My, k=0,1,2, ... (4.48)
for some real numbers My. In words: |z|*f(x) is bounded on R"™ for each k.

FBJH Exercise 4 you will have the opportunity to show that the condition
(&U[S) is equivalent to the statement that for any polynomial p(xq,...,z,)
in n real variables, the product p(z)f(x) is bounded.

Lemma 4.7 Any rapidly decreasing function on R"™ is in L'(R™).

Definition 4.8 S(R") is the set of functions f in C*(R") such that f and
each of its partial derivatives are rapidly decreasing.

Theorem 4.9 a. If f is in S(R") then [ is also in S(R™).
b. The map f — f is a one-to-one linear map of S(R") onto S(R").
c. The inverse is given by the inversion formula

f(y) = (2m)" / V(). (4.49)

n

Definition 4.10 The convolution of two functions f and g on R" is given
by

(fxg)(x) = . flz—y)gly)d"y (4.50)

The important identity in the next theorem is the basis for the application
of the Fourier transform to solution of partial differential equations.

Theorem 4.11

L — N

(f *9)(€) = f(£)9(E) (4.51)

Proof. The proof consists of the following straight forward computation.
A reader who is concerned about the validity of any of these steps should
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simply assume that f and g are in S(R"™), although the identity is valid quite
a bit more generally.

Fa©) = [ (F e (4.52)
= /]R ) /R @ = y)gly)dyede (4.53)
= /R L U= y)e ) degly)e<dy (4.54)
= | F(©gly)e™tdy (4.55)
= f]?;)g(f) (4.56)

[
Theorem 4.12 (Plancherel formula) Define F¢ = (2%)_"/%. Then

|Féllrzrny = 9l L2(rm) (4.57)

This is the Plancherel formula. As a consequence F is a unitary operator on
L*(R")
corFP1
This is a minor restatement of Corollary 4.5 and extension to R".
FinallyFﬁere alglghe n-dimensional analogs of the important Gaussian
identities (4.14) - (4.16).

Gaussian identities over R".

Let ]
7)) = ——— e leP2t 4 " )
() Ok €R (4.58)
Then
/npt(x)dﬂs =1 (4.59)
pe(€) = e/ (4.60)
P R S L S
(e721%) (@) ) pe(z). (4.61)
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4.3 Tempered Distributions

Definition 4.13 A tempered distribution on R™ is a linear functional on

S(R™).
Example 4.14 (n = 1) Suppose that f: R — C satisfies
|f(z)| < const.(1+ |x|™)for some n >0 (4.62)

In this case we say that f h ﬁolynomial growth. E.g. x®sin z has polynomial
growth. (Take n = 3 in (g 62). Of course n = 4 will also do.) If f has
polynomial growth then the integral

Li(6) = / F(2)é(x)da (4.63)

exists when ¢ € S because |f(z)¢(z)| < const.(1+ |z|™)(1+ |z[*T2)~!, which
goes to zero at oo like 272 and so is integrable. Clearly L is linear. Thus
any function of polynomial growth determines in this natural way a linear
functional on §. Remember that we did not need polynomial growth of f
when we made Ly into a linear functional on D. So we have a “smaller” dual
space now. But the delta distribution and its derivatives are in this smaller
dual space anyway because

is a meaningful linear functional on S. (And similarly for 6.

2 F31
Example 4.15 We can’t allow the funcfign f(z) = e**” in (hB) because
the function ¢(z) = e is in S and so (&LBB) wouldn’t make sense.

Definition 4.16 The Fourier transform of an element L € §* is defined by
L(¢) = L(§) for ¢ € S. (4.64)

Now you can se Fglge virtue of using S as our new test function space: the
right hand side of (4.64) makes sense precisely because ¢ is back in S when
¢ isin §. After all, L is only defined on §. Had we attempted to use D this

definition would have failed because ¢ is never in D when ¢ € D (if ¢ # 0.)
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Example 4.17 Ls = L. (In the outside world this is usually written 6=1.

Proof. Let ¢ € §. Then

. R F33
Ls(6) = Ls(d) by def. (£.04) (4.65)
= ¢(0) by the def. of Lg (4.66)
= / ¢(z)dz by the def. of Fourier trans. at 0 (4.67)
R
= L1(¢) by yet another definition (4.68)

[ |

One thing to take away from this proof is that every step is just the
application of some definition. There is no mysterious computation. Let this
be a lesson to all of us!

Example 4.18 )
Ly =27Ls (4.69)

After you have achieved a suitable state of sophistication you can write this
as

1 =276.
Or even as!! . -
— Yy = §
I (y)

(if you don’t feel too uncomfortable with the seemipg nonsense of the left
side. But you better get used to it. Thats how (E.GQ) is written in the
outside world.)

F40
Proof. of (h‘G‘Q)

L1(9) = La(B) by def. (1.64) (4.70)
= / B(€)de by def.of L, (4.71)

R
= 27w¢(0) by the Fourier inversion formula (4.72)

Notice that this time the last step uses something deep. m
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Consistency of the two definitions of the Fourier transform. If f € L!

then we already have a meaning for f . So is
Ly=L;?
Yes. Here is a (definition chasing) proof.
L(¢) = Ly(9)
— [ 1t
R

= [ 56©) [ eotwyduas
=4%&®W@mmx

=Aﬂmmwm
— L(0)

QED
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4.4 Problems on the Fourier Transform

1. Find the Fourier transforms of the following functions:

1 fa<z<yb
0 otherwise.

2. For ¢ in S(R?) define

T(p) = /_00 x(z,0)dz.

(e 9]

(Note that this is an integral over a line — not over R%.)
a) Show that T is in §'(R?).

b) Find the Fourier transform, f, of T explicitly (explicitly enough to do
part ¢) without finding ).

¢) Evaluate T'(1)) where

—(&4n?)
Y(E,n) = gelJr—gQ

2 2 2
d) Let L = a(?a_g? + b%@n + 088—772 . Find all values of the real parameters
a, b, ¢ such that

LT = 0.

3. Compute
a. o
b. "
c. L,

62



d. L,
Hints: 1. Use the definitions. 2. Use the definitions. 3. Use the
definitions.

4. Show that a function f on R" is rapidly decreasing if and only if, for every
polynomial p(xy,...,z,), the function p(x)f(x) is bounded.

E81 E83
ﬁglrperiv [fhe identities (%59) - (&rm) from the one-dimensional identities
(A.14) - (?E.IES).

63



5 Applications of the Fourier Transform

5.1 The Heat Equation by Fourier transform.

The three fundamaental types of PDE, parabolic, elliptic and hyperbolic are
amenable to study by using the Fourier transform in slightly differing ways
for each. The prototype of these three kinds of PDEs are the heat equaiton,
Poisson equation and wave equation.

The heat equation for a function u = wu(t, z) in n spatial dimensions is

Ou/ot = (1/2)Au t >0 (5.1)

with initial condition
u(0,z) = f(z). (5.2)

Here f is a given function on R™. As you probably kwg&% very well, there
is strong physical motivation for seeking a solution to (b.1) for ¢ > 0 only:
bodies cool off as time moves forward. If you move backward in time temper-
atures can increase in such a way as to produce singularities in the solutgoq.
We will see on purely mathematical grounds why solving the equation (ETI)
backwards in tiI%E%can 9pgoduce singularities.

Solution of (5.1), (%Z) Apply the Fourier transform to u in the spatial
variable only. We obtain a function u(t, §) satisfying

din(t, €) /0t = —(1/2) ¢ a€) (5.3)
which we would like to satisfy the intial condition
a(0,) = () (5.4)

9.3
Now for each £ € R™ the equation (%3) an ORDINARY differential equation,
whose solution we know from elementary calculus. It is

a(t, €) = e IEE f(g). (5.5)

In 0%7; to find wu(t, x) itself we still have to do a reverse Fourier transform
But Hey! We already k%ﬁ[ of a function whose Fourier transform
is the first factor on the right in ( \X) It is the function

pi(w) = (2mt)~"2e PG (5.6)
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whose Fourier transform we already computed. See (E}?B) and thereafter.
(Use the n-dimensional version of that function.)

We also know that convolution goes over to multiplication under Fourier
transformation. Hence

(pe # 1){€) = pef(€) (5.7)
= e (PN f(g). (58)

By the uniqueness property of the Fourier transform we therefore find
u(t, ) = (pe * f)( ) (5.9)

e lo vl 2 () (5.10)

5.2 Poissson’s equation by Fourier transform

We wish now to apply the preceding method to the equation
Au = —4mp. (5.11)

Although the method works in n dimensions (with n > 2), we will carry
this out only in dimension n = 3, where we can compare with our previous
solution. ' 9.10 .

Apply the Fourier transform to (% [T) in ALL of the variables. (Of course
we only have spatial variables this time.) We find

—gl*a(€) = —4mp(€) (5.12)

This time the partial differential equation has been reduced to an algebraic
equation: there are no derivatives left at all. So you think that the solution
is

a(§) = —4m(1/15]*)p(€)? (5.13)
Well, if that were right then we again have a solution for the Fourier transform

in the form of a product. Of course this will give u itself as a convolution.
In fact it is true that

—

(=)(€) = —4n/l¢)”

i
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And this would give

1
== 5.14
w=—xp, (5.14)

which we already know from our previous work is actually correct. We saw
back in those days that p could be e.g any charge distribution in D* with
compact &}Jﬁpo%uch a distribution p is clearly in §* also and the compu-
tations (hZ)—( 14) are actually correct. 9 11 5 19

But we are losing some solutions in the passage from (E_[Z) to (%B)' For
example we have the identity

[€[*3(5) = 0. (5.15)

9.12
This means that we could add 55(§) onto the right side of (% [3) and get

another solution. Back in x space this just means that we can add a constant
onto any solution u and get another solution. In fact if v as any har%c
function on R? (i.e. Av = 0) we could add v onto any solution of (5.1T)
and get another solution. For example 3x + 2y + 9z is harmonic. So is
22 +y? —222. There %ef_?in fact, lots of ha%mil%nic polynomials on R3. Among
all the solutions to (5.11) the so%ns (5.14) are the only ones that go to
zero as |x| — oo. The solution ( 14) is c Yed, the potential of p. 1t is true
that all the solutions of (h?) differ from (5.13) only in such a way. Here is
a problem that illuminates this.

Problem:(Poisson by Fourier)
Suppose that p(z,y, z) is a harmonic polynomial on R3. That is, Ap = 0.
Write 0; = 0/0¢; and let L be the distribution

L= p(—z@l, —i82, —283>5

Show that
IEPL = 0.

Recall that this means L(|£?¢(€)) = 0 for all ¢ € S(R?).
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5.3 Advanced, Retarded and Feynman Propagators for
the forced harmonic oscillator

Let w be a strictly positive constant. The harmonic oscillator equation with
frequency w (actually frequency = w/2m) is

d?uf(t)
dt?

+ w?u(t) = 0. (5.16)
the general solution to (10.1) is
u(t) = Ae™' + Be ™", (5.17)

where A and B are complex constants. Of course one can choose A and B so
that the solution is real and is expressible as a linear comb%@ftéon of sin wt
and coswt. But we are going to stick to the complex form (5.17) because it
will be more revealing for our purposes.

The forced harmonic oscillator equation is

d*u(t)

s +wu(t) = £(1). (5.18)

It will be adequate for our purposes just to assume that f € CX®(R)
and then not have to worry about any technical details. We can think of a
weight hanging from a spring which is attached to the ceiling. wu(t) is the
displacement of the weight from its neutral position. For a few seconds we
push and pull on the weight (up and down) in accordance with the force f(t)
and then let go altogether (at the upper bound of the support set of f.) What
happens to the weight during and after the disturbance (thats us) acts via f?
Of course that depends on the initial state of the weight (at time ¢ = 0, say).
Was the weight in its neutral position (u = 0) or was it elsewhere? Was it
moving or stationary? If we specify the intial position «(0) and the initial
velogity u'(0) then we must solve the Initial Value Problem for the equation
(hS) with the specified f and specified initial data. Our goal ho Gvgr is to
address a different problem. We are going to study the equation (5.18) from
the point of view of the Boundary Value Problem, somewhat in the spirit of
the section on Green functions. The novelty of the present section lies in the
fact that we will be interested in boundary conditions at +o0o. The function
f is sometimes called the source generating the motion u. For example in
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the context of Maxwell’s equations the siﬂrﬁags for the electric and magnetic
fields are charges and currents. As in (5.18) they make the homogeneous
Maxwell equations inhomogeneous.

We saw in the section on Green functions that on an interval [a,b] one
can choose, at a, Dirichlet or Neumann conditions or a linear combination
of them. Similarly at . In this sense we have four degrees of freedom in
the nature of our choice of boundary conditions. (But you can only impose
two of them on a solution.) Here are three different Green functions for the
equation (hg) We will discuss their physical interpretations afterward. Let

sintw ¢ 5 )
G () =4 © 5.19
() {O 2 (519

0 t>0
G.(t) = ) - 5.20
(1) {__ . (5.20)

1 eitw t>0
Gr(t) = — 4 - 5.21

Problem 1. Suppose that f € C°(R). Let
u=Gxf

with G = G, or G, or GF. 103

a. Show that j each case u is a solution to (hx) Hint. Imitate the
proof of Theorem 2.7. Note that each of these three functions is continuous
and has a jump of one in its first derivative at ¢t = 0.

b. Show that the solution G, % f is zero in the “distant” past, i.e. for
sufficiently large negative time, depending on f.

c. Show that G, x f is zero in the “distant” future.

Terminology. The Green function G, is called the retarded Green func-
tion, and also sometimes called the retarded propagator. It propagates the
disturbance f into the future and depends on the the disturbance at some
earlier time. The etymology of the word “retarded” can be understood in the
context of electromagnetic theory, where the potential,at x t, of a changing
charge distribution depends not on the charge distribution at time ¢ but at
an earlier time. The field produced by the charge distribution travels only
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with the speed of light, not instantly. The resulting potential is called the
retarded potential.

Similary the propagator G, is called the advanced propagator. As you
saw in part c. of Problem 1, u,(¢) can be non-zero before the disturbance
f even begins!!! (Doesn’t sound very “causal”, does it?) One says that G,
propagates the disturbance into the past.

The third propagator, G, is particularly important in understanding the
behavior of electrons and positrons in combination. G is called the Feyn-
man propagator (for the single frequency w.) It propagates the disturbance
f into the future as a positive frequency wave and into the past as a neg-
ative frequency wave. When this discussion is boosted up to three space
dimensions (from the present zero space dimensions) Feynman’s propagator
has the interpretation of propagating electron wave functions forward in time
as positive energy wave functions and propagating positron wave functions
backward in time as negative energy wave functions. Some authors say, for
short, that positrons are negative energy electrons moving backward in time.

The Green functions above have been constructed directly in terms of
the homogeneous solutions in accordance with the method in the section on
Green functions. Here is how the Fourier transform method can be applied.
In some contexts its the more usefLE_O\EVéxy to go.

Take the Fourier transform of (5.16) in the ¢ variable (which is the only
variable around, this time.) We will use s for the variable conjugate to t.
That is, we define a(s) = [°_e*'u(t)dt. We find

(=52 +w?)i(s) = f(s). (5.22)
10.1
For the homogeneous equation we need to put f = 0. The solutions to (5.

then include the § functions at the two roots of w? — s2. Thus
u(s) = Ad(s —w) + Bi(s +w) (5.23)

gives solutions to the homogeneous equation (on t {aoFi)lurier transform side.)
It is a FACT that these are the only solutions to (5.22] when f = 0.

—_

10.2
Problem 2. Show that the Fourier transform of the solutions (}‘SI 7) are
given by (5.23) (up to a constant.) Thus we have recovered the solutions to
the homogeneous equation by the method of Fourier transforms.

Next we address the inhomogeneous equation. Note first the identity

1 1, 1 1
= - ) (5.24)

— w? :Z(s—w s+ w
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10.11
Dividing (}5.22) by the coefficient of u(s) we find

A L fs) _ f(s)

is) = Qw(s—w s—l—w) (5:25)
TROUBLE: We already know that —— 5 8, ilon—integrable singularity and
therefore so does the right hand 81de of E_m As it stands the right hand
side therefore has no meaning. But we saw earlier that the function 1/s
has an interpretation as a distribution called the Principle Part of 1/s. Tt is
defined as

1
Py <oomtm [ (5.26)
V) s|>e
Lemma 2. Let
0(t) = (1/2)sgn(?) (5.27)
Then .
is) =it (5.25)
s
Proof:
0(¢) = 0(0) (5.29)
= lim [ 6(t)p(t)dt (5.30)
= lim (/ 0(t)e" ¢ (x)dw)dt (5.31)
= lim (/ 0(t)e"™ dt) ¢ (x)dx (5.32)
o -1
= lim (C()S#)gb(m)dx (5.33)
—1
= lim (28 ) b(2)d (5.34)
a— 00 |x‘>1 1
. cosar — 1
+ lim (———)(o(z) — ¢(0))dx (5.35)
a—00 lz|<1 1
because (M) is an odd function. The next to the last line converges to

f|x|>1( ) (I) dr by the Riemann-Lebesgue Lemma. The very last integral
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) 2l)—o(

may be rewritten flaf cosar — 1 - 9 dz. So this integral converges to

<
— jl %f@daz’ by the Riemann-Lebesgue Lemma also. Q.E.D.

Problem 3. Using Lemma 2 show that
1

O(t)e™)(s) = iP 5.36
(0(1)e"™)(s) = iP—— (5.36)
for any real w.
Problem 4 Let '

FE(t) = 0(t)e*™ for w >0 (5.37)

. 10,14 110,17 _
In view of (5.25) and (5.36) we should expect that all the solutions to
d®u(t) 2
I wru(t) = (). (5.38)

should be expressible as a linear combi %ti?n of the functions F* and the
solutions to the homogeneous equation (]% 16). For example one expects

G.(t) = AFT(t) + BF(t) + Ce™" + De ™" (5.39)

for some constants A, B, C, D.

Find explicitly this representation of the three G{geg functions G,., G, and
Gr in terms of the functions F'* and the solutions, (h?), of the homogeneous
equation.
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5.4 The wave equation by Fourier transform

The physically appropriate problem is the Cauchy problem. This is the initial
value problem.

Pu(t,z)

—r Au(t, x) (5.40)
u(0,2) = f(x) (5.41)

ou(0,x)/0t = g(x) (5.42)

As in the heat equation we will take the Fourier transform in the space
variables only. We find

82’&({;, 6) 2
o2 —[¢lFa(t, €) (5.43)
Just as in the case of the heat equation we have now an ordinary differ gltt};%l
equation. But this time its second order in ¢. The general solution to (%13)
for each € is
a(t,§) = A() cos | + B(£) sint¢] (5.44)
.31
Upon Fourier transforming the initial conditions (%.42) we see that we must
have A(§) = f(§) and [¢|B(€) = g(£). Hence the Fourier transform of u is
given by
R A . .sint|¢
a(t,€) = 1(6) costl] + 901"

That was the easy part. Now we have to Fourier transform back to find «
itself. Notice first that cost|{] is exactly the t derivative of (sint|£])/[£]. Tt
will suffice then to find a distribution v gn, e Fourier transform, for

n, h
each t, is (sint|€|)/|¢] . The solution to (hgé, Z%ﬂ%;) is then clearly

(5.45)

u(t,x) = (v * g)(x) + (0/0t) (v * f)(x). (5.46)
Lemma 9.5 Let o, be surface area element on the sphere |z| = |¢| in R®.
Then "
/ e doy(z) = At 4 (5.47)
R? €]

Proof. The integral is just an integral over a sphere of radius r = |t|. Use
spherical polar coordinates ¢, . We can make use of the rotation invariance
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of the integral by choosing the positive z axis in the direction of . Let
a=|£|]. Then x - & =racosf. So the integral is

2 T :
, ) sinra
r? / / e're s in 9dfdep = Arr
o Jo

a

9.36

(which you get by substityfing s = cos6.) This proves (%.47) once one

observes that even if t < 0 (5.47) is correct because sin is odd. QED
Now define a distribution v, on R3 by the formula

1

— pmr - o(z)do(z) for ¢ € S(R?) (5.48)

vi(9)
for t # 0 and define v; to be zero for t = 0.

5.4.1 Problems

Problem 1. Prove that

 sintf¢]
€]
Hints: 1. Use the definition of Fourier transform of a distribution.

2. Use the definition of v;.
3. Use Lemma 9.5

(&) for all ¢ (5.49)

9.35
Problem, 2 Explain why the solution (&)7[6), in combination with the explicit
form (5.48) of v, says that light travels with exactly speed one (in our units).

Finally, lets consider the inhomogeneous wave equation

O*u(t,z) /0t — Au(t,z) = p(t, z). (5.50)

Assume, for ease of mind, that p is in C°(R?). If we first Fourier transform
in the spatial variables only we find

aza(t7£>/at2 + |€|2a(t7€) = ﬁ(taf) (551>

Notice th % Ofolr each ¢ this equation looks just like the harmonic oscillator
. A . 2 . 2 ”' .
equation (b.16) with w® = |£]°. ! We can, and will, take over what we

73

9.38

9.39

9.40

9.41



learned from the forced harmonic oscillator. It will be sufficiently illuminat-
ing to focus on just one of the three propagators that we studied for the
harmonic oscillator .

Put w = [¢] in (%367 and do the usual reverse Fourier transform to find.

itl| il
(& _ Q(t) (&
2[¢] 2[¢]

For each t and ' we see that we have the usual product of Fourier trans Ips
on the right (in the spatial variables). Moreover we have the formula (5.49)
at our disposal. Thus we find

a(t,§) = (0(t)

) *p(t,€)

ltr) = [0 =)o ot )it (5.52)
Not only does the integral represent a convolution but there is also a convolu-
tion right in the middle of the integral. All in all this represents a convolution
over R*. We may write this as

u=Gxp (5.53)

where

G = 0(t)y, (5.54)

is a distribution on R? for each t and all together is a distribution on R*.
This is one of the propagator%_f% the inhomogeneous wave equation (9.40).

One might wish to write (5.54) more suggestively to emphasize its char-
acter as a distribution over R* as G(t,z) = 6(t)v(x). But one should not
lose sight of the fact that the second factor is not actually a function.

Remark to ponder. For the wave equation, as for the forced harmonic
oscilator, g%lge are “essentially” three propagators for the inhomogeneous
equation (5.50). We arrived at one of them by the above procedure. Its
one half the advanced plus retarded. Where does the Feynman propagator
come from? Hint: Con%ﬂg the identity lim, g ﬁ = P(1/z) + mié which
you proved long ago in (3.17)
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6 Laplace Transform

Definition. The Laplace transform of a function f : [0,00) — C is the
function L; defined by

Ls(s) = /OOO f(t)e *dt. (6.1)

The domain of Ly is the set D(Ly) consisting of those s € R for which
/ F(H)e|dt < oo.
0

Examples. 1. f(t) = ¢, D(Ls) = ¢

2. If f € L*0,00) then D(Lf) D [0,00). E.g., if f(t) = 1/(1 + t*) then
D(Ly) = [0,00).

3. f(t)
(3,00).

4. f(t) = e, Then D(Ls) = (—00,00). Note. If sy € D(L;) then
s € D(Ly) for any s > sy because

e’. Then L¢(s) = / Bt < oo if s > 3. So D(L;) =
0

—st _ —sot ,—(s—so)t
f(t)e f(t)e™" ¢ )
€L1(0,00) bdd

Consequently D(Ly) is always an interval. As we see from the above
examples it may be the empty set or of the form [sg,00), or (sg,o0), or
(—00, 00).

Remark. If sy € D(Ly) then L; has an analytic extension to the half
space Re z > sg.

Proof: Put z = s 4+ i7 with s > s3. Then
e f(t)] = e[ f(t)] € L}(0,00).

Hence the function -
() = / F(t)e—tdt (6.2)
0

exists for Re z > sg.
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By differentiating under the integral sign (easily justified) we see that

L(z) is analytic with
dL(2)/dz = / —tf(t)e *dt.
0

Example. f(t) = e, D(Ly) = (3,00)

~ o0 1
L(z) = / eB2Atdt =
0 z — 3

which is analytic in Re(z) > 3. But note that L has an analytic extension to
the entire complex plane with the exception of a pole at z = 3. This is typical
of Laplace transforms that arise in practice. They often have meromorphic
extensions to the entire plane. But the integral representation may be only

valid for Re z > s.
6.1 The Inversion Formula

Suppose sop € D(Ly) and s > sg. Let

g(7) sl +1i7)

/ f sl—HT tdt

—/ (f(t)e ™) e7'dt.
0 S

€L1(0,00)
Put
0 — t
h(t) co<t<O0
fte =t 0<t<oc.
Then -
g(1) = / h(t)e”""dt = Fourier transform of h.
Hence

h(t) = L /_OO g(T)e'dr.

21 J_ o
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This integral may converge pointwise (in ¢) or in the L? sense of convergence,
depending on the quality of g. But we ignore these questions.
Thus for 0 <t < >

fe = o [ gtnear

2 ) o

by the Fourier inversion formula. So

s1t 0o )
(@) ‘ / L(sy +i7)e™dr for t > 0. (6.6)

T on o

Corollary 6.1 (Uniqueness Theorem) The Laplace transform L(s) of a
function f on [0,00) determines f uniquely (up to values on a set of measure
zero) if D(Ly) is not empty.

6.2 Application of Uniqueness

Problem. Find the function f(t) whose Laplace Transform is

4 1 z
L(z) = 8 .
) =5t 78

Solution: f(t) = 4e® + e™ + 8 cos 3t.

Reason.

1 1 1
2 .
2/ +9) +2[z—3i sl

Note. In this problem L(z) had simple poles. Higher order poles can be
dealt with using

dL(Z)_ > —zt
- _/0 —te*t f(t)dt.

But note. L may have no singularities in the finite plane even though f is
not the zero function.

Example. Let f be in L'(R) with support in [0,a]. Then
L(z) = / Ft)e #tdt = / f(t)e *dt
0 0
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exists for all z € C and is entire.

Nevertheless the case where L has only poles and goes to zero at oo is
important. For this situation it is useful to rewrite the inversion formula

thus: | e
) =5 / L(sy +ir)e™ H0iqr,

—00

Putting 2z = sy + i1, dz = idT we get

F(t) = / T R et

270 J g, —ioo

Sometimes the straight line integration contour can be deformed to surround

the poles of L. See the homework problem.
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6.3 Problems on the Laplace Transform
1. We have seen that if
L(z) ~ / f(t)e #dt
0

exists in the open half space Re z > sy then for any real number s; > sg f
may be expressed by

f(2) e /OO L(sy +ir)e"dr (6.7) |L10

T o e
with z = s + 7. This may clearly be rewritten

£t = - /C (2)eds (6.8) [T11

- 2mi
where C' is the straight line contour from s; — 700 to s; + i00.

For some functions L(z) it may be possible to deform the contour to Cj:
so as to include all the singular points of L inside. If these singular points
are isolated poles then one could find f(z) by the method of residues.

Justify this procedure for the function

Z(z) 4 4 2 1 22—22+9
= m
(b—2)3 6—=2 (2249)2

and use it to find f(¢) for all t > 0.
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7 Asymptotic Expansions

Reference: C.M. Bender and A.S. Orszag, Advanced Mathematical Methods
for Scientists and Engineers, Chapter 6. [QA 371 B45]

7.1 Introduction

Definition If f and g are two real (or complex) valued functions on a set S
then one writes

f=0(g) onS

if there is a real constant C such that
|f(z)] < C|g(x)| forall xe€S.

Example. 2(1 4 22)'/2 = O(z?) on [1, 00) but not on [0, 00)
Definition If f and g are two functions on an interval (a, c0) then one writes

f=0(g9) as * — o0

if f =0(g) on [M,oc0) for some M.
Example x(1 + 22)/2 = O(2?) as z — oo.
Definition f(z) = o(g(z)) as * — oo means

Jim f(x)/g(x) =0

Examples. (i) If f(x) = 1/(z* + 1)and g(z) = 1/x then f(x) = o(g(x)) as
(ii) e** _ 0(e3®) as xr — oo.

More Notation f(z) = ¢(z)+o(¢(x)) as x — oo means that f(z)—¢(z) =
o(Y(z)) as x — oo.

Example.
1 1
il ?—Fo(l/x?) as T — 00.
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We are going to study the four basic methods for determining the
Asymptotic behavior of an integral.

Four Methods

1. Integration by parts [page 45 of NB]
2. Laplace’s method [p.47-53 of NB]

3. Stationary phase [p.89-91 of NB]

4. Steepest descent [p.92-100 of NB|

7.2 The Method of Integration by Parts.
PROBLEM: Let .
f(z) :/ et /tdt, x> 1.
1

Find the asymptotic behavior of f(z) as x — 0.
SOLUTION: Integrate by parts to find

fz) = / "(1/8)de! (7.1)

t T Lt

e e

= —|* —dt 7.2
Tt 5 (72)
ev r el

= — — —dt 7.3
— et e (7.3)

Now it happens that the last term (the integral) is rather small compared
to the first term for large x. This needs to be proved. But once it is proved
we can see that f(x) “behaves” like e”/x for large x, the precise meaning of
which can be stated in terms of the preceeding notation in the form

x x

f(z) = ;+0(%) as x — 00.

We will do better than this. But first we need the following tricky lemma.

Lemma 7.1 For any integer n > 1 we have
x t x

e e
—dt =0(—) as * — 0.
;" "
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Proof:

Tt x/2 _t Tt

e—dt:/ e—dt+/ ~ (7.4)
1

L tn o2l
/2 . x et
< e"dt + / ———dt 7.5
J 2 G/ o
=2 — e+ (2/x)"(e® — */?), (7.6)

which proves the lemma.

Corollary 7.2

T et e
/1 t(n—+1)dt = O(x_”) as T — 0.

One can go a step further now in determining the asymptotic behavior of
f. Integrating by parts again

T z ot

z et e

1 1 e’
+t_21+2 1 t—gdt—e (m+x2)+0< )asbefore.

Clearly we may continue this and get
1 1 2 6 —1)! 1
f@)=e (St 5+ 5+ +- 4 )+o<—>).

This motivates the followmg deﬁmmon.
Definition. Let o1, @9, @3, ... be a sequence of functions on [a, 00) such
that ¢, 1(x) = o(p,(z)). If f is a function on [a, 00) one says that the series

Zajgoj(a:) (a; are constants) is an asymptotic expansion of f if for each
j=1
n=1,23,...

Zaa% )+ olpn(x)) x— o0.

Thus the infinite series Zajgoj(x) need not converge for any x. In the

7=1
n—l)'

preceding example the series Z is easily seen (by the ratio test) to

n=1
converge for no x.
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7.3 Laplaces Method.

7.3.1 Watson’s Lemma

Theorem 7.3 (Watson’s Lemma) Assume

A. / |f(t)]e dt < oo for some ¢ > 0.
0

B. For some a > —1 and 3 > 0, f has the asymptotic expansion

F&) =t at* ast | 0.

k=0
Let -
I(x) = / f(t)e *dt x> c.

0
Then I(x) has the asymptotic expansion

potkB+1

where

[(x) = / u* e du for x > 0.
0

Proof: First, note that for a simple power we have

/ e dt = x”/ s le7*ds by putting s = xt
0 0

=2 "I'(v), v > 0.

(7.7)

(7.8)

(7.9)

(7.10)
(7.11)

Second, note that we may replace fooo f(t)e ™ by f(f f(t)e=® and incur an

exponentially small error as in the following lemma.

Lemma 7.4 For any 6 > 0 and f satisfying A

/ ft)e ™ dt = o(x™™) as x — oo for all v > 0.
5
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Proof of Lemma 1: For x > ¢ we have

’/ f —xtdt’ / |€—ct —(z— ctdt

(7.13)

e [Vl = o) w00y >0
1

(7.14) [As7

Q.E.D.

Now in order to prove the theorem we choose N and let v = a+ NG+ 1.

We must show that

](x)_zakfy(a+k6+1) o(a") 7 — oo

potkB+1
k=0

since =7 is the last retained term in the sum.
By the assumption B

N+1
k=0

Hence there exists a constant Ky and § > 0

N+1
‘ -3 akto‘+k5) < Koot (VD8 g <4 <6,
k=0

As10 As9
[Actually (/S 7) is weaker than (%6)] Hence

N
k=0
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(7.16) [As9

(7.17)
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for K = Ky + ayy1. Thus

5
= / f(t)e *dt + E,(x) where E\(z) = o(z™"), 2 — oo by Lemma 1
0

(7.19)
s N N
= / Zakt‘”kﬁe’“dt +/ ( Za ta“"’ﬁ) e "'dt +E (z).
0 k=0 N =0 B
E&rm
(7.20)
Asil
But by (I7.18)
5 N 5
‘ / f(t) — ZaktaJrkﬂ)e_xtdt’ <K / ot N+HDB o —at gy (7.21)
0 o 0
< K/ ot (NFDB et gy (7.22)
0
= Kg~@tWHDEHID (o 4 (N + 1) + 1)
(7.23)
= const. 277 (7.24)
=o(z7") x— . (7.25)
Thus
s N
= / Z apt® e dt + By(x) + By () where Ey(x) = o(z77), 2 — oo
(N
(7.26)
/ Z apt® et 4+ Es(x) + By () 4+ Ei(z) where (7.27)
Es(xz) = o(x™7),xz — oo by Lemma 1 (7.28)
N
= a0+ kB + 1) + Es(x) + Ex(x) + By (x). (7.29)
k=0
As8
This proves (’7%’5) Q.E.D.
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Corollary 7.5 Assume A. / lg(t)|e= " dt < oo for some ¢ > 0.

o0

—00

B. g has an asymptotic expansion

Let

Then

t) = Zaktk ast— 0.
k=0

I(z) = / h g(t)e " dt.

—0o0

=3 anT(k +1/2)

as r — o0
pkt1/2

k=0

is an asymptotic expansion of I(x).

(7.30)

(7.31)

(7.32)

Proof: By the same argument as in the theorem, i.e., Lemma 1, we commit
5

an exponentially small error in replacing the integral by / g(t)e’“tQ dt. We
5

will write the remainder of the proof in an informal way because the details
of justification are exactly the same as in the proof of Watson’s Lemma. In
fact we will write equality of series even though one must interpret all steps
in terms of finite sums and behavior as x — oo or t — 0. In other words we
will concentrate just on the algebra. Thus we have

E;(x) = exponentially small error

=0(e™).

)
I(z) = / g(t)e ™ dt + By (z)
/Zatk 4t 4+ By (x)

5ko

/ Z (ngtZk —ut? dt + El( )

0 k=0
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At this point we could replace the integrals by Z / 2k e~ 4t which can

k=0
jﬁsgone explicitly by integration by parts, and this would give the answer
(7:32). But instead let’s derive it from Watson’s Lemma.

Put s = t*. Then dt = ds/2+/s. So

x) = 2/0 Zagks e ms% + Ey(x) (7.38)

/ Z (ngsk 1/2 “*ds + E1< ) (739)

T(k+1/2 1
— Z % + E(x) by Watson’s Lemma with o = —3 g=1
k=0

(7.40)

Recall that these equations are not identities but asymptotic expansions.
Q.E.D.

Using the same ideas, here is another method. Let

f(t) = / T eh gy

—00

where h need not be quadratic but looks like this:

We assume for simplicity that h(0) = 0 but if not this can be subtracted from
h(t) changing our result by an overall factor of e . As in the quadratic
case the main contribution to f(¢) will come, for large x, from a neighborhood
of t = 0 say |t| < 0, the error being

/Ooe 220y — 1/2(2”) /2

2
o nl22n

exponentially small, e=**). (We are going to get power decay of f(x).) Now
since h is a minimum at ¢ = 0 we have h/(t) = 0. Hence for small ¢

h//( )
2

h(t) = ——2t*+ O(t*) as t — 0.
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Assume A”(0) > 0. Our objective is to get the leading term in the asymptotic
expansion of f(z) (if there is such an expansion). So we ignore the O(t?)
terms to get

6 1"
fl@) ~ / e 2 gt (7.41)
)
~ Yo (7.42)
R"(0)x
So
21
f('x) ~ xh//(o)
Definition. The I" function is
I'(z) :/ u* e "du, = > 0. (7.43)
0
Note:
Fin+1)=n! (7.44)

oo As28 .
Proof: T'(1) = [,;” e “du =1 =0!. So (b%lzf) holds for n = 0. Induction:
Note that for z > 0,
[(x+1) = / ue “du (7.45)
0

x _—u|® > —u duz
= —u"e |+ e du
0 du

:/ e “ru” du = 2T(z).
0

So
I(x+1)=al'(z) for x> 0. (7.46)

Thus if '(n+1) =n!then '(n +2)=(n+ 1)'(n+1) = (n+1)!. Q.E.D.
Some values: (i) I'(1/2) = /7.
(i) T(k+3) =27"/7(2k — 1)(2k = 3)---3- 1, k > 1.
Proof: I'(3) = [t Y2 'dt = [ ~*ds = \/m. The identity (ii)

e
—00
follows now by induction.
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Corollary 7.6 Suppose that a <0 < b (a or b or both could be infinite) and
that h(t) > 0 fort € (a,b). Assume that h(0) =0 and h(t) > 0 for all other
t in (a,b). Assume that h is in C*°(a,b) and that h"(0) # 0. Finally assume

that
A. f; e~ dt < oo for some ¢ > 0

AND

A flt\zé e~ dt = o(x71/?) as x — 00 ¥ § > 0.

Let ,

I(x) 2/ —hat x> e
Then
2m 1/

Proof: By Taylor’s theorem with remainder we may write

h(t) = SO g(1)

for t near zero where g is smooth and ¢(0) = 1. Choose 0 so small that
g(t) > 1/2 for |t] <.

Let s = t1/g(t) on (—4,). then
ds/dt = \/g(t) +tg'(t)/21/g(

At t = 0 this is one. So we may choose § even smaller (if necessary) so that
ds/dt > 0 on [—6,0]. Since s is a strictly monotone function of ¢ on [, d]
we may solve for ¢ in terms of s and we may expand t in terms of s to any
finite order. The expansion begins:

1/d*

2 <d52> 5=0

- (@)l

But (dt/ds)|s=0 = 1/(ds/dt)|;=o = 1. Hence

t=s5+0(s%) as s — 0.

5
I(x) :/ ewh(t)dt—i—/ e~ qt.
-5 a<t<b,|t|>5
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By Assumption A’ the second term is o(z~'/2). On the interval [—6, §] make
the change of variables s = t4/¢(t). Then

' O o dt

/6€_$h(t)dt = / e_th@52£ds a<0, >0 (7.47)

7 _a PO 2
_ / =122 (1 4 O(s))ds (7.48)
F<1/2) - corAS9
~ (zh'(0)/2)1/2 +O(z7%?) as & — 0o by Corollary corass
(7.49)

QED

7.3.2 Stirling’s formula

Corollary 7.7
r 1
i @Dy

T—00 /Qre—Tprtl/2

o . . %
Proof: Make the substitution u = x 4 tx in Equation (7.45) to find

Mx+1) = /000 ue “du (7.50)
= Oo{ac(l + 1) }e Ut (7.51)
-1
=g"te™® /OO e (1 +t)*dt (7.52)
-1
=gl / " eetosi0) gy (7.53)
-1

So take h(t) =t —log(1 +t). Then h/(t) =1—1/(1+1). Therefore h has a
minimum at ¢t = 0. Moreover h”(0) = 1. Hence, by Corollary 7.6,

/ e Odt = /21 )z + o(x7V? as 1 — 0.
-1

This proves Stirlings formula.
The most frequently used form of Stirling’s formula is for integer values
of x. This takes the form:

90



STIRLING’S FORMULA

: I'(n+1)
lim =
n—oo \/2we—npntl/2
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7.4 The Method of Stationary Phase
Ref. Sec.6.5 of Bender and Orszag

Theorem 7.8 Let f and ¢ be defined on [a,b] with f € C'la,b] and ¢ real
with Y'(t) # 0 on (a,b] but ¢¥'(a) = 0. Assume that ¢ is in CP[a,b] and
VP (a) # 0, while ™ (a) =0, n=1,2,...,p—1 and f(a) # 0.
Let )
I(x) = / f(t)e™vOdt.

Then

](ZE) _ f(a)ez‘xw(a):tiw/Qp [:E | ﬁ;)(a)}l/pr(;/p)o(x—l) as T — 0o

where I = sqgnyp®(a).

Example. [(x) = foﬂ/Q e stdt. Here t = 0 is a stationary point 9 (¢) =
cost, f(t) =1, ¢¥(0) =1, ¢'(0) =0, ¥"(0) = —1. So p = 2. Therefore

o 2112 1 1
I(z) = e*=im/4 [E} 5 F(E) +O0(z7") as z — oo.
N

Proof of Theorem: Write for small e

a+te b
I(z) = / FOe™Odr+ [ f(t)e Pt

a a+e
The second integral is O(z~') as * — o0 by the lemma. So we may
ignore it for any fixed ¢ > 0. Now the idea is to choose € so small that
first integral can be adequately approximated by using the first terms of the
expansion of f and ¥ at a. Thus we use the approximation f(¢) = f(a) and
W(t) =(a) + %(t — a)P and we omit justification of this approximation
(as do Bender and Orszag). Thus
1
z

a+te
I(2) = f(a) / i@ @ gy 10 (7.54)
| e 1
— f(a)e@ / ¢ ds 1+ O(*) (7.55)
0 xr
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Case a > 0. Put s = e”/zp(%)l/p. Then

ir/2 U u

— i

e ey

sP=c¢

Therefore

1

I( ) f( ) (eixw(a)+i7r/2 > /'zaspe”/Qp B u;—l p
xr) = a _ e v Uu.
(zcv) 0 p

Case a < 0 yields the other sign and C' is which must be rotated down.
u )1/19

The relevant substitution is s = e~/ 21°(m|a|

Case a > 0. For p=2,3,4,... put
s = (™% [(za)YP)u'/P on the lower half plane Imu < 0. (7.56)

This is a well defined continuous function of v in the shaded region if one

chooses the positive pth root on the positive “x” axis. Then

- = ;—1
ds = ()77 pu du (7.57)
and also '
sP = (™% [za)u = iu/za. (7.58)
So u = —izasP. Hence as s traverses the interval [0,¢] on the positive “z”

«,

axis u traverses the contour C on the negative “y” axis. Thus

/ e s = [e”/zp/(p(a:a)l/p)]/ e urtdu (7.59)
0 G

/ e_“uildu:/ e_“uzljldu%—/ e turdu (7.60)
Cq 0 Ca

by analyticity of e~tyus " in the open doted region. (Th Agigggularity at the
origin is not too bad.) The first term on the right of (I7.60) converges to
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['(1/p) as © — oo with exponentially small error. Moreover on Cy we may
write v = re? with r = zae? and —m/2 <60 <0. Thus

0 _ I
‘/ e_“ul/p_ldu‘ = ’/ e_rewr%_lew(T)irdQ‘ (7.61)
Co —7/2
0
< 7’1/”/ e "os0qp (7.62)
—7/2
w/2 1
< rl/”/ e Z/mdt = rl/p0<—> (7.63)
0 r
1
- xl/m(—). (7.64)
T
As54 As55 As5H6 AsBT
Now combine (0), (39), (7°60), (% and (754). Q.ED.

7.5 The Method of Steepest Descent

Objective: To find asymptotic behavior of

I(z) = /b F(t)e*Ddt

where f and p are analytic, a and b are complex or infinite, and the integral
is along some contour in the complex plane.

Under these circumstances the contour can be deformed without changing
the value of the integral. We take advantage of this by deforming to a contour
on which the imaginary part of p is (essentially) constant. This will eliminate
the oscillation problem.

Example 1. (From Bender and Orszag, p.281 Example 1)

1
I(z) :/ Int e™'dt.
0

Note that the method of stationary phase fails: ¢(¢) = t has no stationary

point. Moreover f(t) = Int is singular at 0 so integration by parts fails.
Step 1. Deform path from to . Now along Cs, et = e=#Teivv () <y < 1,

where we have put ¢t = u+47T". So for fixed z > 0, f02 — 0 as T — oo. Hence

100 14400
I(z) = / Int e'dt — / Int e™'dt.
0 1
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On these paths there is no oscillation of the exponential factor because it has
constant imaginary part on each path. To see this put ¢t =1is, 0 < s < o0 on
the first path and t = 1 + is on the second path to get

I(x) = z/ In(is)e **ds — iei”/ In(1+ is)e *ds.
0 0

These are both Laplace integrals and so the problem is now in principle
solved: We have gotten rid of the oscillatory integrals by deforming the
path. It happens that the first integral can be done explicitly: Put u = sx.
Then

1

i /0 T In(is)e=ds = L /0 " Inin/z)e—du (7.65)

X

= (i/x) [ln(l/x) + /Ooo(ln u)e “du (7.66)

~
—v (Eulers constant)

ilnx +im/2 —ivy (7.67)

x
The second term has an asymptotic expansion via Watson’s Lemma:

/ In(1+is)e”"ds = Z/ ﬂe_“ds (7.68)
0 1o

= i 7(1;2);1 / e du (7.69)
— i % (7.70)

Note that this is asymptotic only and not convergent because the series for
In(1 + is) only converges in a neighborhood of s = 0. This is all that is
required for aymptotic expansion. Thus

—ilnn+i(5 — e —1)!
ilnn +i(3 7)—1'6” (—z)”(n )asa:—>oo.

T xn+1
n=1

I(z) ~

7.5.1 Constancy of phase and steepness of descent

Consider an analytic function p(t) = ¢(t) + i (t) where t = u + iv is a com-
plex variable. We have seen that the asymptotic properties of f: f(t)emWat
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depends on the peaking property of ¢. It is fortuitous that these peaking
properties are optimal along paths of constant ) as we shall now see.
Let C be a curve of constant ¢ and let t € C'.

Case a. p/(t) # 0. The Cauchy Riemann equations read ¢, = 1, ¢, =
— . SO
VSO ’ VZD = qud]u + %% = —PuPy + Pupu = 0.

So Vyis L Vu and therefore Vo is parallel to C'. Hence, among all directions
starting from ¢, ¢ varies most rapidly in the tangent direction of C'. Thus ¢
ascends most rapidly in one direction along C' and descends most rapidly in
the other direction along C'. [The level curves of ¢ are orthogonal to C'.] So
the curves of constant phase are also steepest curves for

|e$p(t) | = eP(t)

In Example 1 the endpoint ¢ = 1 of the constant phase path C is a point
with p/(t) # 0. Fortunately, with ¢t = u + v, p(t) = Re it = —v (= —s in
that example) reaches a mazimum along Cy at the end point ¢ = 1. This was
the source of our success in the asymptotic expansion of |, s

Case b. p/(t) = 0. Typical behavior of p near such a point is illustrated
by the case p(t) = t™ near zero, n = 2,3, ... since the expansion of p around
a point tg is p(t) = ag+ (t—to)"(c+O(t —t9)) if p¥(ty) =0,k =1,...,n—1
and p™(ty) # 0.

Use polar coodinates: t = re?. Then

N (7.71)
= r" cosnf + ir" sin nf (7.72)
=+ 7. (7.73)

The directions of most rapid variation of ¢ are the directions in which
cosnfl = 1 (steepest ascent) and cosnf = —1 (steepest descent). As one
increases 6 one alternately reaches curves of steepest ascent and steepest de-
scent. In either case sinnf = 0, so these are precisely the curves of constant
phase emanating from the origin.

In case n = 2 the graph of ¢(t) is clearly saddle shaped:
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A point t 5 p'(t) = 0 is called a saddle point in this business. See Bender
and Orszag for more pictures.

In Example 1 the maximum of ¢ along the curves C and Cj5 of constant
phase occurred at the endpoint of each path where p’ £ 0. If a maximm of
© occurs at an interior point of a curve of constant phase it will necessarily
be a saddle point. [This is a consequence of Cauchy-Riemann equations.|

The following example illustrates this case.

Example 2. (Bender and Orszag p.91) Asymptotic behavior of Bessel
function Jo(x).
Def. Jo(z) = fw/2 cos(x cos0)db /.

—7/2
Step 1. Get this into standard form. Thus

/2
wJo(x) = Re/ eiveostag,

—m/2

To coincide with others’ notation, we also rotate the 6 plane by putting

. 10 —1i0 t —t
t =if. Now cosf = ¢ Jr; = e*; = cosht. so

1 [z
mJo(x) = Re—,/ eireoshit gy,
i

—

vl

Step 2. Change to contour of constant phase.

Now the phase is the same at the two endspoint: ¢ cosh _T“’ =icos 5 =0
and 7 cosh 7 = 0 also. Nevertheless they do not actually lie on a common
contour of constant phase.

To see what the constant phase contours are like write ¢ = u + ‘v and

p(t) = icosh(u + iv) = i[coshucoshiv + sinhwusinhiv] = i[coshucosv +
sinh uisinv]. So I'mp(t) = coshucosv = 1(t) and Rep(t) = —sinhusinv =
©(t). Therefore the horizontal lines v = 7/2 and v = —7/2 are curves of

constant phase 0. The curves coshucosv = 1 are also curves of constant
phase 1. One of them goes through 0. Thus

p(t) = @(t) + i(t) ©(t) = —sinhusinw W (t) = coshucos v

and

1 im/2
wJo(x) = Re- / ePOdt  t=wu+iv

v J—ir/2
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Since Rep(t) = —sinhusin v, |e*?)] is very rapidly decreasing on the distant
parts of contours C, Cy, C. Hence we may change from the original contour
Cy to the three contours C4, Cy, C, of constant phase.

Step 3. Ewvaluation. On Cy we have Imp(t) = 0, so [, e dt is real.

Hence it contributes nothing to Jo(z). Similarly for fcg' Consequently we
have

]

1 .
mJo(z) = Re~ / e coshi gy (7.74)
C

As we saw, p(t) = Reicosht = —sinhusinv goes to —oo as we got to oo in
either direction on C'. The asymptotic behavior is therefore determined by
any peaks in ¢(t) on C. These are saddle points. To find them set p/(t) = 0.

Thus ¢sinht = 0. t = 0 is clearly a saddle point. It is the only one on C.
[Exercise. |

Since the asymptotic behavior is determined by a neighborhood of 0 on
C we can approximate C' locally by a straight line whose slope is determined
thus

coshucosv = 1.

For small v and v this is (1 + %) (1 — %) =1 Sol+ “25”2 = 1 to second
order. Therefore

u? =% oru= +uv.

The curves of constant phase look like this.

This pattern repeats itself as one goes up the y axis nm units. Thus if we
parametrize locally on C' by

t=(1+1)s —e<s<e¢

we can expect some kind of approximation to Jy(z) as © — oo. Thus, to
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leading order

1 [ e
mJo(x) ~ Re— / e+ gt (7.75)
NRe— e*m (1+414)ds (7.76)
1
~ Re(1 —i)e ,/25 (7.77)
= Re2e'™= % 1/n1 (7.78)
So
[2 0 s
Jo(x) ~ 1/ —Ree'@ 1)
mwr
Therefore

Jo(x) ~ \/gcos (x - g) T — 00.

[Note: This agrees with the Example on p.519 if one compares Rel(z))} ..
To get the full asymptotic expansion of Jy(z) we must go back to (7.74)
and evaluate it more carefully. On C, p(t) =i + p(t) where () is real. We

parametrize the curve by r = —¢(t) which goes from 0 to +00 on both halves
of C'. Now icosht =i — r so isinhtdt = —dr. Therefore
dr = — _dr —r o

isinht in/(144r)2 — 1 N iV2or/+i—3

2 [ . 1+4 dr v [ dr
wJo(z) = Re—/ e —— ——— = Re(l — i)e”/ e "
t Jo 2y 1+ % 0 VvV 17
So - )
mJo(x) = Re\/ﬁei(xz)/ ——F—c "dr.

1

To get the full asymptotic expansion one now expands — in a power

series valid for small r and informally integrates term by term getting a valid
asymptotic expansion. The final form 1 according to Bender and Orszag,
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who get 4/ d’" instead of my 4/1 —I— 7, is

Jo(z) = %[a(w) coS (m— —) + B()sin (x— %)}
where o 2k;+ ]( 1)k
NkZ:O o T — 00
and

> [T(2k + )]( 1)k+1

Z T2k + Do)k T
k=

Reference for a(x) and ((x), Bender and Orszag, p.294.
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7.6 Problems on asymptotic expansions

(Last homework of 615)

1. (Watson’s Lemma) Suppose that ¢(t) is a polynomially bounded function
on [0,00). That is

lg)| < CA+t") 0<t<oo

for some constant C' and some integer n > 0. Suppose further that g has an
asymptotic expansion as t | 0:

[e.9]

g(t) ~ > ant", 0.

n=0

I(x) = /Ooog(t)e""tdt x> 0.

Prove that I(x) has the asymptotic expansion

o
I(x) ~ Zn!anx_”_l r — 0.

n=0

2. Find the asymptotic behavior as  — oo of I(x) where

I(z) = /Ooo[ln(l + it)]e *"dt.

3. Find the asymptotic behavior of Jy(z) as + — oo up to and including
terms of order 272 (i.e., 27 11/2).
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8 Old Prelims
Math 615 Prelim # 1 (in class) Friday, October 10, 2003

N.B. Use a writing style which leaves no ambiguity as to what your ar-
gument is. Your writing style is a part of this test.

1. Suppose that f:[—1,1] — R satisfies

1
[ lr@pas =2
-1
and

1
/ f(z)dx = 6.
-1
What can you say about fjl xf(z)dx?

2.Which of the following differential operators are symmetric on the in-
terval [0, 1]7

a Lu(z) = (x* + Vv’ (z) + 22u/(z) + (sinx)u(z).

b. Lu(z) = 3u"(z) + 2zu'(z) + (22 + 1)u(x).

3. Write the Green function for the boundary value problem

v —u=f on [0,1]
u(0) =0
u(l)=0

in two ways.
a. in closed form (i.e. no series.)
b. as an eigenfunction expansion.

4. Which of the following are linear functionals on the given vector space
V?

a. V=R2 F((xy,25)) = 3z1 + 523

b. V =C(0,1]), F(¢) = (0) +5 [y ¢l)a?da?
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9 Appendix: Review of Real numbers, Se-
quences, Limits, Lim Sup, Set notation

These notes are intended to be a fast review of elementary facts concerning
convergence of sequences of real numbers. The goal is to give a self contained
exposition of the notion of completeness of the real number system. Com-
pleteness is responsibe for the existence of solutions to ordinary differential
equations, partial differential equations, eigenvalue problems, and almost ev-
erything else that guides our intuition in analysis. The main ideas in these
notes are usually taught in a freshman calculus course. Some of these ideas
are developed over and over again in later courses. Chances are that this is
at least the third time around for most of you ... but it may have been a
while... .

Recall that a rational numbber is a number of the form m/n where m
and n are integers (i.e. “whole numbers”.) If x = m/n is a rational number
it is always possible to choose m and n to have no positive integer factors in
common. We say that z is then represented in “lowest terms”.

Example of an irrational number. The suare root of 2 is not rational. Proof:
Assume that © = m/n is represented in lowest terms and that 2% = 2. Then
m? = 2n?. So m? is even (i.e. is a multiple of 2.) If m itself were odd then
m? would also be odd because (2k+1)? = 2(k?+2k)+1. So m must be even.
Say m = 2j. Therefore (25)? = 2n?. So 2j% = n%. It now follows that n is
also even. This contradicts our assumption that m and n have no common
factors. So there is no rational number z satisfying 22 = 2. Q.E.D.

Denote by Q the set of rational numbers and by R the set of real numbers.
We will be using the symbols 400 and —oo in this course quite a bit. But it
is a universally accepted convention not to call them real numbers. So they
are not in R. Some authors like to adjoin them to R and then call the result
the extended real number system: R U {oo} U {—o00}. We will do this also.
Notation: (—o0,00) =R, (—o00,00] = RU {0}, etc. But R still means the
set of real numbers and excludes +oo.

Addition, subtraction, multplication and division ( but not by zero) make
sense within Q and also within R. ( Both are fields.) Moreover Q and R
both have an order relation on them. (I.e. a < b has a well defined meaning,
which is in fact nicely related to the algebraic operations. E.g. a < b implies
a+c < b+c, etc.) The big difference between Q and R is that Q is full of holes.
For example the sequence of rational numbers 1, 14/10, 141/100, 1414,/1000,
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. “would like” to converge to 2'/2. But 2!/2 isn’t there (in Q.) There is a
hole there. The next few pages are devoted to making this anthropomorphic
discussion precise.The key concept is that of a Cauchy sequence. Theorem 1
on page 4 says that there are no holes in R.

Definition. A set S C R (real numbers) is bounded if there is a real number
M such that |z| < M for all z in S.

S is bounded above if there is a real number M such that x < M for all x
in S.

S is bounded below if for some M in R, x > M for all x in S.

Definition. If M is a number such that x < M for all z in S then M is called
an upper bound for S.

Definition. If L is an upper bound for S such that L < M for all upper
bounds M of S then L is called the least upper bound for S. We write
L = lubS.

In order to prove anytning about the real numbers one needs , of course,
a definition of them. But no axiomatic treatment of the real number system
will be given here. ( See Rudin, Principles of Analysis, Chapter 1, if you
really want one.) Instead I am just going to list the key property - order
completeness- which any definition of the real numbers must include, either
in the following form or some equivalent form.

R is order complete: that is, if S is a nonempty set of real numbers which
is bounded above then S has a least upper bound in R.

Remark. The set @ of rational numbers is not order complete. For example
if S ={zinQ:2* < 2} then S does not have a least upper bound in Q.
But S does have a least upper bound in R. What is it?

Definition. A sequence is a function from the set Z :={1,2,3,...} to R.
Notation: s(i) = s;.

Definition. If {s,} is a sequence then {#;} is a subsequence if there is a
sequence integers ny such that n; <ng <ng...and t; = s,,.

Definition. A sequence {s,} is said to converge to a number L in R if for
each € > 0 there is an integer /N such that

|sn, — L| < & whenever n > N.

Notation. L = lim s,, or s,, — L as n — 00.

n—oo
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Proposition 9.1 If s, is an increasing sequence of real numbers bounded
above then lim s, ezists and equals lub{s, :n =1,2,...}.

n—oo

Proof: Let L = lub{s,}>*,. Then s, < L for all n. Let ¢ > 0. Then
L — ¢ is not an upper bound for {s,}32,. Thus there exists N such that
sy > L —e. Since s,, > sy for all n > N we have s,, > L — ¢ for all n > N.

Hence s, — L > —e. But s,, — L <0. Hence |s,, — L| <eif n > N.

Remarks. 1) If S is bounded below, then —S is bounded above. By —S we
mean {—x :z € S}.
2) Greatest lower bound is defined analogously to least upper bound.
Notation. glb S = greatest lower bound of S.
3) Notation. If S is a nonempty set of real numbers which is not bounded
above we write
lub § = +o0.

If S is nonempty and not bounded below we write glb S = —o0.

Exercise. (Write out, but don’t hand in) Prove: glb(S) = —lub(—S5) for
any nonempty set S.

Definition. For any sequence {s,}>°, we write lim s, = +oc if for each real

n—oo

number M there is an integer N such that
sp, > M for allm > N.

[Similar definition for lim s, = —00.]

n—oo

Now let {s,}>°, be an arbitrary sequence of real numbers. Set
ar = lub{s, : n > k}.

Since {s, :n >k} D {s, :n > k+ 1} we have ay > ay1. Thus the sequence
{ar}72, is a decreasing sequence.

Using the preceding proposition and definitions, we see that either

a) For all k, a, = 400
or

b) For all k, ay, is finite (i.e., real) and the set {ay}2; is bounded below
or

c) For all k, ay, is finite and{ay : k = 1,2,...} is not bounded below.
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In case b) lim ay exists (and is real) and we write

k—o0

lim sup s, = hm ag.
n—oo
In case a) we write
lim sups, = +oc.

n—oo

In case ¢) we write

lim sup s, = —o0.

n—oo
Remarks. 4) sup stands for supremum and means the same thing as lub. inf
stands for infinum and means the same as glb.

5) The preceding definition of lim sup s,, can be written succinctly in all
cases as
lim sups, = hm sup{sn :n > k}.

n—oo

Similarly we define

lim infs, = klim inf{s, :n > k}.

n—oo

Proposition 9.2 If lim s, := L exists and is real (i.e., finite) then

n—oo

limsups, = L = liminf s,.

Conversely if lim sup s,, = liminf s,, and both are finite then lim s,, exists and
15 equal to their common value.

Proof: Assume lim s,, exists and denote it by L. Let ¢ > 0. 4N depending
on ¢ such that {s, : n > N} C [L —¢,L+¢|. Thus for all k > N, a; :=
sup{s, :n >k} < L+ ¢. Hence hrn ar < L + €. Since the inequality holds

for all € > 0 and the left side is mdependent of € we have hm ap < L. Thus
lim sups, < L. Similarly lim infs, > L. But note that

inf{s, : n >k} <sup{s,:n>k}.
Hence one always has (for any sequence)

lim inf s, < lim sups,.

n—oo n—oo
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But we saw that
lim sups, < L < lim inf s,.

n—oo n—oo

Hence we have equality. Q.E.D.

Proof of converse. Assume

lim sup s, = lim infs,, = L

n—oo n—oo

(L is assumed finite, i.e., real).
Let
ar = inf{s, : n >k}

and
by = sup{s, : n > k}.

Then limay = limb, = L. Let ¢ > 0. There is an integer N; (depending
on ¢, as usual) such that |ax — L| < ¢ whenever £k > Nj. Similarly 3N, >
|bp — L| < € whenever k > Ny. Let N = max{Ny, No}. Then |ay — L| < ¢
and |by — L| <eif k > N. Thus L —e < ap < b, < L+eif k> N. In
particular L —e < ay < by < L+ €.
Thus
L—e<an<s,<by<L+e Vk>N.

So
|s, —L|<e Vk>N.

Q.E.D.
Definition. A sequence {s,}°, is CAUCHY if for each € > 0 IN >
|sp — sm| <e Vmn,m>N.
Proposition 9.3 Any convergent sequence {s,}52, of real numbers is Cauchy.
Proof: Given ¢ > 0 dN >
|sp, —L| <e/2 Vn>N.
Then

—~

9.1)
9.2)
9.3)

Sn— Sm| = |8n — L+ L — sp,|
< |sn — L+ |L — s
<e/2+¢e/2=¢ if n,m>N.

~—~~
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Theorem 9.4 FEvery Cauchy sequence of real numbers converges to a real
number.

Remarks. 6) The property stated in Theorem 1 is usually referred to as the
completeness of the set R of real numbers. The set of rational numbers is
not complete. l.e., there is a Cauchy sequence s,, in Q which does not have
a limit in Q. E.g. take s = 1, so = 1.4, s3 = 1.41, s, = 1.414, ..., (so that
s, — v/2, which is not in Q).

Proof of Theorem 1: Let {s,}°, be a Cauchy sequence.

Step 1. The set {s, : n =1,2,...} is bounded because if we choose ¢ = 1
in the definition of Cauchy sequence then we know that there is an integer
N 3 s,—sy| < 1ifn > N. Hence |s,| = |s, — sy +sn| < [sn—sn|+ [sn] <
1+ |sy| if n > N. Thus if we put K = max{|s1],[s2|,...,[sn-1],1 + |sn|}
then |s,| < K for all n.

Step 2. We now know that lim sups, is a real number. Let L =

n—oo

lim sup s,.

n—oo

Claim: lims, = L. For let ¢ > 0. Choose N such that |s, — s,,| < ¢
V n,m > N. Then

SN —e< 8, <sSy+e VYn>N.
Thus if a = sup{s, : n > k} then
syn—e<aq,<sy+e Vk>N.

But by definition L = limy_,a,. Thus taking the limit as k& — oo we get
sy—e<L<sy+e. So|sy—L|<e. Henceif n > N then

|sp — L| < |sp, —sn| +|sy —L| <e+e=2 Vn>N.

Q.ED.

9.1 Set Theory Notation

Notation. If A and B are subsets of a set S then the intersection of A and
B, (AN B), is defined by

ANB={xe€ S:x€ Aand x € B}.
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The union of A and B is defined by
AUB={zeS:z€Aorxe B orboth)}.
The complement of A is
A={z e Sz ¢ A}

The difference is
A-B={xe€A:x ¢ B}.

If f: S — T is a function and B C T then f~!(B) is defined by

f(B)y={xeS: f(x) € B}.
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9.2 How to communicate mathematics

Before starting the following homework here are some useful tips on how to
write for a reader other than yourself. The three most important rules are

Rule #1. Remove ambiguity.
Rule #2. Remove ambiguity.
Rule #3. Remove ambiguity.

Here are some examples of ambiguity.
Example 1. Consider the statement

Is this statement true? Well, it depends on what you mean by the symbol
- .

Meaning #1. “implie 1that”. If this is what you mean by the symbol
—> then the statement (9.4) says

1 = 2 implies that 3 = 4. (9.5)

In this case statement (514) is TRUE. Its equivalent to the standard if - then
statement “If 1 = 2 then 3 = 4.” All you have to do is add 2 to both sides
of the equation 1 = 2 to deduce (correctly) that 3 = 4.

Meaning #2. “This i Q}ies that”. If this is what you mean by the symbol
— then the statement (9.4)says, when translated into english,

1 = 2. This implies that 3 = 4. (9.6)

The statement (5:_36) now consists of two sentenceg, one of which is false. So
statement (b‘6) is false and therefore statement (9:4) is FALSE.

So what to do? In principle you could define a symbol to mean anything
you want (but only one meaning!). But the symbol = is quite universally
used to mean “implies that”. Even the TeX command for = is “back-
slashimplies”, not “backslashThis implies”. It would be easiest on readers to
use the symbol = always to mean “implies” or “implies that” (which has
the same logical content.) Moreover there is already a standard symbol for
“This imples that”. Its the symbol ."..
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This symbol can be translated into English in a number of logically equiv-
alent ways. Here are some of them.

can be translated as

“This implies that”, “Therefore”, “Hence”, “So”, “Consequently”.

When writing for a journal you have to use the words, not the symbols.
Moreover good prose form is better if you don’t use the same one of these five
phrases at the beginning of several sentences in a row. Technically you could
be correct in starting five sentences in a row with the word “Therefore”. But
some readers might question the quality of the highschool you went to.

Often linked with the evils of the misuse of the symbol = is the fail-
ure to punctuate sentences. The evolution of grammar over the last 5000
years has been aimed at precision of communication. Its still far from per-
fect in normal social, legal and political communication. We have to do
better. Keep in mind, for example, that the statement “ x = 2.” really is
an english sentence. It has a subject, x, a verb, “equals”, and an object, 2,
AND A PERIOD at the end of the sentence. Yes, even a period can help
clarity in communication of mathematics. COMMUNICATION IN MATHE-
MATICS CONSISTS OF A BUNCH OF GRAMMATICALLY COMPLETE
SENTENCES.

If your TA can’t figure out what you mean, even before he tries to figure
out if you're right, expect trouble from him (and me.)

A final word. Don’t think that “context” is a reasonable basis for a reader
to decide how to interpret an ambiguous statement. More often than not this
kind of thinking just means that you expect the reader to interpret correctly
what you wrote because he/she already knows what the argument should be.

All of this was well understood quite some time ago. Here is some ancient
wisdom.

“ A good scientist knows how to say exactly what he means.
A good politician knows how to say exactly the opposite of what he
means.
A good philosopher knows how to say things with no exact meaning.”
Lezar el Gralidin, 1582 - 1631
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9.3 Cute Homework Problems

1. Find the lim sup and lim inf for the following sequences:
a) 1,2,3,1,2,3,1,2,3, ...
b) {sin(nm/2)}32,
c) {(1+1/n)cosnm}>,
d) {(T+1/n)"}32,

2. If the lim sup of the sequence {s,}22; is equal to M, prove that the lim
sup of any subsequence is < M.

3. If {sp}>2, is a bounded sequence of real numbers and lim infs, = m,

n—oo

prove that there is a subsequence of {s,}>°, which converges to m. Also
prove that no subsequence of {s,,}>°_, can converge to a limit less than m.

4. Write the set of all rational numbers in (0,1) as ry,rs,.... Calculate
lim supr, and lim infr,.

n—oo n—oo

5. If s,, — +o00, prove that lim sups, = oo = lim inf s,.

n—oo n—oo

6. Prove that AN (BUC)=(ANB)U(ANCQC).

7. If f: X — Y is a function, and A and B are subsets of Y, prove:
a) f7(ANB) = f1(A)nf(B)
b) fT(AUB) = f~H(A)uU f71(B)
c) fTH(A) = fHA)

8. Show by example that f(AN B) = f(A)N f(B) is not always true.
Show by example that f(A°) = f(A)¢ is not always true.

9. Find at least seven errors in mathematical communication in the following
six statements and explain whats wrong in each case.

a. Let f(x) =1 — z for all real z.

b. g(x) =2 —3

c. The function g, which is increasing, is zero at x = 3

112



d. The function g which is increasing is greater than zero when = > 3.

e. The function which is increasing is less than zero when = < 3

f. f(z)=g(z). = =2

g. Rewrite item f. so that it is grammatically AND mathematically
correct AND unambiguous.
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